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1 Additional technical results for proving The-

orems 1& 2

Lemma A. Assume X1, . . . , Xn are mutually independent random variables.

Let Ur(X1, . . . , Xn) =
(
n
r

)−1∑
i1<...<ir

h(Xi1 , . . . , Xir) where h(·) is a symmet-
ric kernel function h(·) and 1 ≤ r ≤ n is a fixed positive integer. Assume
that there exists a constant M > 0 such that |h(Xi1 , . . . , Xir)| ≤ M . Then
for any t ≥ 0,

P
(∣∣Ur(X1, . . . , Xn)− θ(h)

∣∣ > t
)
≤ 2 exp

(
− nt2

8M2

)
,

where θ(h) = E
(
h(Xi1 , . . . , Xir)

)
.
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Proof of Lemma A. This result follows from the bounded difference inequal-
ity.

Proof of Lemma 2. (i) Denote γ̂(λ) by γ̂ for simplicity. By the definition of

β̂(λ), we have, Qn(γ̂) + λ||β̂||1 ≤ Qn(0) + λ||β0||1. This implies

Qn(γ̂)−Qn(0) ≤ λ
(
||β0||1 − ||β̂||1

)
≤ λ

(
||γ̂A||1 − ||γ̂Ac||1

)
. (1)

By the convexity of Qn and the definition of subdifferential,

Qn(γ̂)−Qn(0) ≥ −2
[
n(n− 1)

]−1
XTξγ̂ ≥ −2

[
n(n− 1)

]−1||γ̂||1||XTξ||∞

≥ −λ
c

(||γ̂A||1 + ||γ̂Ac||1), (2)

(1) and (2) together imply ||γ̂Ac ||1 ≤ c̄||γ̂A||1.

(ii) Write Sn = (s1, . . . , sp)
T , where sk =

[
n(n−1)

]−1∑∑
i 6=j(xjk−xik)sign(εi−

εj), k = 1 . . . , p. By the union bound, for c0 = 4
√

2b1c,

P
(
c||Sn||∞ ≥ lc0

√
log p/n

)
≤

p∑
k=1

P
(
|sk| ≥ c−1lc0

√
log p/n

)
.

For each sk, we apply the concentration inequality for U -statistics (Lemma
A) and obtain

P
(
|sk| ≥ c−1lc0

√
log p/n

)
≤ 2 exp

(
− l2c2

0 log p

32b2
1c

2

)
≤ 2 exp

(
− l2 log p

)
.

Thus P
(
c||Sn||∞ < lc0

√
log p/n

)
≥ 1 − 2 exp(−(l2 − 1) log p). (iii) Taking

l = 2 in (ii), we have P
(
c||Sn||∞ > 2c0

√
log p/n

)
≤ α0. The conclusion

follows by the definition of quantile. �

Proof of Lemma 3. Let

Gn(u) = n−1q−1[Ln(β01 + n−1/2q1/2u)− Ln(β01)],

where Ln(β1) =
∑∑

i 6=j |(εi − εj) − (x1i − x1j)
T (β1 − β01)|. It is sufficient

to show that ∀ η > 0, there exists a ∆ > 0 such that

P
(

inf
u∈Rq ,||u||2=∆

Ln(β01 + n−1/2q1/2u) > Ln(β01)
)
≥ 1− η. (3)
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By similar arguments as in the proof of Theorem 1, if (3) holds, then the

convexity of Ln(β1) implies that β̂1 is within the L2-ball

{β1 ∈ Rq : ||β1 − β01||2 ≤ ∆n−1/2q1/2}

with probability at least 1− η. By Knight’s identity (Koenker, 2005),

Gn(u) = 2n−1q−1
∑∑

i 6=j

n−1/2q1/2(x1i − x1j)
Tu
[
I(εi − εj < 0)− 1/2

]
+2n−1q−1

∑∑
i 6=j

∫ n−1/2q1/2(x1i−x1j)Tu

0

[
I(εi − εj < s)− I(εi − εj < 0)

]
ds.

Then for some ξij between 0 and n−1/2q1/2(x1i − x1j)
Tu, i 6= j, we have

E(Gn(u)) = 2n−1q−1
∑∑

i 6=j

∫ n−1/2q1/2(x1i−x1j)Tu

0

[
F ∗(s)− F ∗(0)

]
ds

= 2n−1q−1
∑∑

i 6=j

∫ n−1/2q1/2(x1i−x1j)Tu

0

f ∗(ξij)sds

≥ cn−2
∑∑

i 6=j

[
(x1i − x1j)

Tu
]2 ≥ cλmin

(
n−1

n∑
i=1

x1ix
T
1i

)
||u||22

≥ c∆2,

where the second last inequality uses condition (C1). Similarly as the proof
of Theorem 1, by McDiarmid’s inequality, for any u such that ||u||2 = ∆ and
∀ t > 0,

P
(
|Gn(u)− E(Gn(u))| ≥ t

)
≤ 2 exp

{
− c t

2

∆2

}
for some constant c > 0. Hence, for ∆ sufficiently large,

P
(
|Gn(u)− E(Gn(u)

)
| ≤ ∆3/2) ≥ 1− η. (4)

This holds uniformly in u in a bounded region since Gn(·) is convex (Pollard,
1991). The lemma holds because E(Gn(u)), which is positive and quadratic
in ∆, dominates supu∈Rq ,||u||2=∆ |Gn(u)− E(Gn(u))| for sufficiently large ∆.
�
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Lemma B. Assume conditions of Theorem 2 of the main paper are satisfied.

There exist v∗ij which satisfies v∗ij = 0 if Yi − Yj 6= (xi − xj)
T β̂

(o)
and v∗ij ∈

[−1, 1] if Yi − Yj = (xi − xj)
T β̂

(o)
, such that for δk(β̂

(o)
) with vij = v∗ij, with

probability approaching one, we have

δk(β̂
(o)

) = 0, k = 1, . . . , q. (5)

|δk(β̂
(o)

)| < a1η, k = q + 1, . . . , p. (6)

Proof of Lemma B. Equality (5) follows from the subgradient condition for
convex optimization. To prove (6), we first note that with probability one

the number of (i, j) pairs such that Yi−Yj = (xi−xj)
T β̂

(o)
is of order O(q),

see for example Section 2.2 of Koenker (2005). Hence

max
q+1≤k≤p

∣∣∣[n(n− 1)
]−1
∑∑

i 6=j

(xjk − xik)v∗ijI
(
Yi − Yj = (xi − xj)

T β̂
(o))∣∣∣ = o(η).

To prove (6), it suffices to show

P
([
n(n− 1)

]−1
∣∣∣∑∑

i 6=j

(xjk − xik)sign
(
Yi − Yj − (xi − xj)

T β̂
(o))∣∣∣ > a1η,

for some k = q + 1, . . . , p
)
→ 0.

The left-hand side of the above expression is bounded above by

P
(

max
q+1≤k≤p

∣∣∣∑∑
i 6=j

(xjk − xik)
[
I
(
Yi − Yj − (xi − xj)

T β̂
(o)
> 0
)
− 1/2

]∣∣∣
> 2a1n(n− 1)η

)
≤ P

(
max

q+1≤k≤p

∣∣∣∑∑
i 6=j

(xjk − xik)
[
I
(
Yi − Yj − (xi − xj)

T β̂
(o)
> 0
)

−I
(
Yi − Yj − (xi − xj)

Tβ0 > 0
)]∣∣∣ > a1n(n− 1)η

)
+P
(

max
q+1≤k≤p

∣∣∣∑∑
i 6=j

(xjk − xik)
[
I
(
εi − εj > 0

)
− 1/2

]∣∣∣ > a1n(n− 1)η
)
.

Both terms go to zero, where the second probability goes to zero by applying
Hoeffding’s inequality for U -statistics and the first probability goes to zero
by Lemma C below. �
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Lemma C. Assume conditions of Theorem 2 are satisfied.

P
(

max
q+1≤k≤p

∣∣∣∑∑
i 6=j

(xjk − xik)
[
I(Yi − Yj − (xi − xj)

T β̂
(o)
> 0)

−I(Yi − Yj − (xi − xj)
Tβ0 > 0)

]∣∣∣ > a1n(n− 1)η
)
→ 0. (7)

Proof of Lemma C. For an arbitrary β ∈ Rp, let γ ∈ Rq be the subvector
that consists of the first q entries of β−β0. Let ζij = εi− εj, x̃1ij = x1i−x1j

where x1i be the subvector that consists of the first q entries of xi and x1i is
defined similarly; and let x̃ijk = xik − xjk.

Because β̂
(o)

is the oracle estimator, for any given positive constant ∆,
we consider

P
(

max
q+1≤k≤p

sup
||β1−β10||2≤∆

√
q/n

∣∣∣∑∑
i 6=j

(xjk − xik)
[
I(Yi − Yj − (x1i − x1j)

Tβ1 > 0)

−I(Yi − Yj − (x1i − x1j)
Tβ10 > 0)

]∣∣∣ > a1n(n− 1)η
)

≤ P
(

max
q+1≤k≤p

sup
||γ||2≤∆

√
q/n

∣∣∣∑∑
i 6=j

x̃jik
[
I(ζij > x̃T1ijγ)− I(ζij > 0)

−P (ζij > x̃T1ijγ) + P (ζij > 0)
]∣∣∣ > a1n(n− 1)η/2

)
+P
(

max
q+1≤k≤p

sup
||γ||2≤∆

√
q/n

∣∣∣∑∑
i 6=j

x̃jik
[
P (ζij > x̃T1ijγ)− P (ζij > 0)

]∣∣∣
> a1n(n− 1)η/2

)
= D1 +D2,

where the definition of Di, i = 1, 2, is clear from the context. To see D2 → 0
as n→∞, we observe that

max
q+1≤k≤p

sup
||γ||2≤∆

√
q/n

∣∣∣∑∑
i 6=j

x̃jik
[
P (ζij > x̃T1ijγ)− P (ζij > 0)

]∣∣∣
≤ c max

q+1≤k≤p
sup

||γ||2≤∆
√
q/n

∑∑
i 6=j

|x̃Tijγ|

≤ O(n2)O(
√
q/n)O(

√
q) = O(qn3/2) = o(n2η),

where c is some positive constant, by conditions (C1)–(C3) and the assump-
tion of the Lemma.
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To prove D1 → 0, we cover the ball
{
γ ∈ Rq : ||γ||2 ≤ ∆

√
q/n
}

with

a net of balls with radius ∆
√
q/n5. This net can be constructed with car-

dinality N ≤ d · n4qn for some constant d > 0. Denote the N balls by
B(t1), . . . , B(tN), where the ball B(tr) is centered at tr, r = 1, . . . , N . Then

P
(

max
q+1≤k≤p

sup
||γ ||2≤∆

√
q/n

∣∣∣∑∑
i 6=j

x̃jik
[
I(ζij > x̃T1ijγ)− I(ζij > 0)

−P (ζij > x̃T1ijγ) + P (ζij > 0)
]∣∣∣ > a1n(n− 1)η/2

)
≤

N∑
r=1

P
(

max
q+1≤k≤p

∣∣∣∑∑
i 6=j

x̃jik
[
I(ζij > x̃T1ijtr)− I(ζij > 0)− P (ζij > x̃T1ijtr)

+P (ζij > 0)
]∣∣∣ > a1n(n− 1)η/4

)
+

N∑
r=1

P
(

max
q+1≤k≤p

sup
||γ−tr||2≤∆

√
q/n5

∣∣∣∑∑
i 6=j

x̃jik
[
I(ζij > x̃T1ijγ)− I(ζij > x̃T1ijtr)

−P (ζij > x̃T1ijγ) + P (ζij > x̃T1ijtr)
]∣∣∣ > a1n(n− 1)η/4

)
= J1 + J2,

where the definition of Ji, i = 1, 2, is clear from the context. To evaluate J1,
we have

J1 ≤
N∑
r=1

p∑
k=q+1

P
(∣∣∣∑∑

i 6=j

x̃jik
[
I(ζij > x̃T1ijtr)− I(ζij > 0)− P (ζij > x̃T1ijtr)

+P (ζij > 0)
]∣∣∣ > a1n(n− 1)η/4

)
≤ 2

N∑
r=1

p∑
k=q+1

exp
(
− cnη2

)
≤ 2 exp

(
log(N) + log(p)− cnη2

)
= o(1),

where c is some positive constant, and the second inequality applies Hoeffd-
ing’s inequality for U -statistics.
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To evaluate J2, we note that

x̃jik

[
I
(
ζij > x̃T1ijγ

)
− I
(
ζij > x̃T1ijtr

)
− P

(
ζij > x̃T1ijγ

)
+ P

(
ζij > x̃T1ijtr

)]
≤ 2b1

[
I
(
ζij > x̃T1ijtr − ||x̃1ij||2∆

√
q/n5

)
− I
(
ζij > x̃T1ijtr

)
−P
(
ζij > x̃T1ijtr + ||x̃1ij||2∆

√
q/n5

)
+ P

(
ζij > x̃T1ijtr

)]
where b1 is the constant in condition (C1); and

x̃jik

[
I
(
ζij > x̃T1ijγ

)
− I
(
ζij > x̃T1ijtr

)
− P

(
ζij > x̃T1ijγ

)
+ P

(
ζij > x̃′1ijtr

)]
≥ 2b1

[
I
(
ζij > x̃T1ijtr + ||x̃1ij||2∆

√
q/n5

)
− I
(
ζij > x̃T1ijtr

)
−P
(
ζij > x̃T1ijtr − ||x̃1ij||2∆

√
q/n5

)
+ P

(
ζij > x̃T1ijtr

)]
.

The above positive upper bound and negative lower bound imply that

J2 ≤
N∑
r=1

P
(

max
q+1≤k≤p

∑∑
i 6=j

2b1

[
I(ζij > x̃T1ijtr − ||x̃1ij||2∆

√
q/n5)− I(ζij > x̃T1ijtr)

−P (ζij > x̃T1ijtr + ||x̃1ij||2∆
√
q/n5) + P (ζij > x̃T1ijtr)

]
> a1n(n− 1)η/8

)
+

N∑
r=1

P
(

max
q+1≤k≤p

∑∑
i 6=j

2b1

[
− I(ζij > x̃T1ijtr + ||x̃1ij||2∆

√
q/n5) + I(ζij > x̃T1ijtr)

+P (ζij > x̃T1ijtr − ||x̃1ij||2∆
√
q/n5)− P (ζij > x̃T1ijtr)

]
> a1n(n− 1)η/8

)
= J21 + J22,

where the definition of J2i, i = 1, 2, is clear from the context. To evaluate
J21, we have

J21

≤
N∑
r=1

p∑
k=q+1

P
(∑∑

i 6=j

2b1

[
I
(
ζij > x̃T1ijtr − 2b1∆qnn

−5/2
)
− I
(
ζij > x̃T1ijtr

)
−P
(
ζij > x̃T1ijtr − 2b1∆qnn

−5/2
)

+ P
(
ζij > x̃T1ijtr

)]
+
∑∑

i 6=j

2b1

[
P
(
ζij > x̃T1ijtr − 2b1∆qnn

−5/2
)
− P

(
ζij > x̃T1ijtr + 2b1∆qnn

−5/2
)]

> a1n(n− 1)η/8
)
.
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Note that∑∑
i 6=j

2b1

[
P
(
ζij > x̃T1ijtr − 2b1∆qnn

−5/2
)
− P

(
ζij > x̃T1ijtr + 2b1∆qnn

−5/2
)]

= O(qnn
−1/2) = o(n2η).

Hence for all n sufficiently large,

J21

≤
N∑
r=1

p∑
k=q+1

P
(∑∑

i 6=j

2b1

[
I
(
ζij > x̃T1ijtr − 2b1∆qnn

−5/2
)
− I
(
ζij > x̃T1ijtr

)
−P
(
ζij > x̃T1ijtr − 2b1∆qnn

−5/2
)

+ P
(
ζij > x̃T1ijtr

)]
> a1n(n− 1)η/16

)
= o(1),

following the same argument as for J1 by applying Hoeffding’s inequality.
Similarly, J22 → 0 as n→∞. This shows D1 → 0, as n→∞. The proof of

the lemma is finished by noting that ||β̂
(o)
− β0||2 = Op(

√
q/n). �

2 Proof of Theorems 3 on the consistency of

HBIC

Our proof extends the approach in Kim et al. (2016). Define

Q̃n(β) =
[
n(n− 1)

]−1
∑∑

i 6=j

∣∣(εi − εj)− (xi − xj)
T (β − β0)

∣∣,
and B = {β ∈ Rp : ||β||0 ≤ kn, ||β − β0||2 ≤ n−1/4}.

Lemma D. Assume the conditions of Theorem 2 are satisfied, and kn log(p∨
n) = o(

√
n). Then there exists a positive constant c such that

P
(

inf
β∈B

[
Q̃n(β)− Q̃n(β0)− [n(n− 1)]−1

∑∑
i 6=j

[
I(ζij < 0)− 1

2

]
(xi − xj)

T (β − β0)

−b0||β − β0||22 + n−1/2||β||0
]
> 0
)
≥ 1− 2 exp(−cn1/2),

for all n sufficiently large, where b0 = b2b3, and b2 and b3 are constants in
conditions (C2) and (C3), respectively.
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Proof. By Knight’s identity,

Q̃n(β)−Q̃n(β0)−[n(n−1)]−1
∑∑

i 6=j

[
I(ζij < 0)−1

2

]
(xi−xj)

T (β−β0) = Vn(β),

where Vn(β) = [n(n−1)]−1
∑∑

i 6=j
∫ (xi−xj)T (β−β0)

0
[I(ζij < s)−I(ζij < 0)]ds.

It is sufficient to show

P
(

inf
β∈B

[
Vn(β)− b0||β − β0||22 + n−1/2||β||0

]
> 0
)
≥ 1− 2 exp(−cn1/2). (8)

We next derive an exponential probability bound for

P
(

sup
β∈B

∣∣Vn(β)− E[Vn(β)]
∣∣

||β||0
> n−1/2

)
.

Let M1, · · · ,Mm(kn) denote different subsets of {1, · · · , p}, corresponding
to different submodels with sizes at most kn. Note that m(kn) ≤

(
p
kn

)
≤ pkn .

For l = 1, · · · ,m(kn), let

AMl
=
{
β ∈ Rp : ||β − β0||2 ≤ n−1/4, supp(β) = Ml

}
.

Then B =
⋃m(kn)
l=1 AMl

. Let |AMl
| be the cardinality of AMl

. For each AMl
, we

can cover it with l2−balls of radius

√
|AMl

|
8b1

n−1/2, with centers β∗l0 , · · · ,β
∗
lNl

.

Note that this cover can be constructed such that

Nl ≤
(2n−1/4 +

√
|AMl

|
8b1

n−1/2

√
|AMl

|
8b1

n−1/2

)|AMl
|
≤ (3n1/4)|AMl

|,

for all n sufficiently large, assuming kn �
√
n. For any β1,β2 in the same

small l2-ball in the cover of AMl
,

|Vn(β1)− Vn(β2)|
≤ [n(n− 1)]−1

∑∑
i 6=j

|(xi − xj)
T (β1 − β2)|

≤ 2b1||β1 − β2||1 ≤ 2b1

√
|AMl
| ∗
√
|AMl
|

8b1

n−1/2

≤ 1

4
|AMl
|n−1/2.

9



Furthermore, we note that by Lemma A in the supplementary file, ∀ β∗lj , j =
1, · · · , Nl,

P
(∣∣Vn(β∗lj)− E[Vn(β∗lj)]

∣∣ > |AMl
|

2
√
n

)
≤ 2 exp

[
− n(n−1/2|AMl

|/2)2

8(2b1n−1/4
√
AMl

)2

]
≤ 2 exp

(
−
√
n|AMl

|
128b2

1

)
≤ 2 exp

(
−
√
n

128b2
1

)
.

Hence,

P
(

sup
β∈B

∣∣Vn(β)− E[Vn(β)]
∣∣

||β||0
> n−1/2

)
≤

m(kn)∑
l=1

P
(

sup
β∈AMl

∣∣Vn(β)− E[Vn(β)]
∣∣ > n−1/2|AMl

|
)

≤ 2pkn(3n1/4)kn exp
(
−
√
n

128b1

)
= 2 exp

[
−
√
n

128b2
1

+ kn log p+ kn log(3n1/4)
]

≤ 2 exp(−cn1/2),

for all n sufficiently large, since kn log p �
√
n, kn log(3n1/4) �

√
n. As a

result, uniformly for β ∈ B,

Vn(β) ≥ E[Vn(β)]− n−1/2||β||0,

with probability at least 1− 2 exp(−cn−1/2).
The proof of Theorem 1 also implies infβ∈B E[Vn(β)] ≥ b0||β − β0||22.

Hence, (8) is proved.

Lemma E. Assume the conditions of Theorem 2 are satisfied, then

P
(

[n(n− 1)]−1
∣∣∣∣∣∣∑∑

i 6=j

[
I(ζij < 0)− 1

2

]
(xi − xj)

∣∣∣∣∣∣
∞
> 4b1

√
log p

n

)
≤ 2 exp(− log p).

Proof. ∀1 ≤ k ≤ p, ∀t > 0,

P
(

[n(n− 1)]−1
∣∣∣∑∑

i 6=j

[
I(ζij < 0)− 1

2

]
(xik − xjk)

∣∣∣ > t
)
≤ 2 exp

(
− nt2

8b2
1

)
.

10



Hence, let t = 4b1

√
log p
n

,

P
(

[n(n− 1)]−1
∣∣∣∣∣∣∑∑

i 6=j

[
I(ζij < 0)− 1

2

]
(xi − xj)

∣∣∣∣∣∣
∞
> 4b1

√
log p

n

)
≤2p exp

[
−
n(4b1

√
(log p)/n)2

8b2
1

]
= 2 exp(− log p).

Define the following index sets:

Λn− = {η > 0 : η ∈ Λn, A 6⊂ Aη}, Λn+ = {η > 0 : η ∈ Λn, A ⊂ Aη, Aη 6= A}.
Given an index set S, define

β̂S = arg min
β∈Rp, supp(β)=S

Q̃n(β).

Lemma F (Uniform error bound for over-fitted values). Assume the condi-
tions of Theorem 2 are satisfied, and that kn log(p∨n) = o(

√
n). Then there

exists some ∆ > 0 such that

P
{

sup
S:|S|≤kn,S⊃A

(
||β̂S − β0||2 −∆

√
|S|(log p)/n

)
< 0
}
→ 1.

Proof. By the convexity of Q̃n(β), it is sufficient to show

P
{

inf
S:|S|≤kn,S⊃A

inf
||βS−β0||2=∆

√
|S|(log p)/n

[
Q̃n(βS)− Q̃n(β0)

]
> 0
}
→ 1. (9)

Since
√
kn(log p)/n = o(n−1/4), then Lemma D implies that

Q̃n(βS)− Q̃n(β0)

≥ [n(n− 1)]−1
∑∑

i 6=j

[
I(ζij < 0)− 1

2

]
(xi − xj)

T (βS − β0)

+b0||βS − β0||22 − n−1/2|S|

≥ −[n(n− 1)]−1
∣∣∣∣∣∣∑∑

i 6=j

[
I(ζij < 0)− 1

2

]
(xi − xj)

∣∣∣∣∣∣
∞
∗ ||βS − β0||1

+b0||βS − β0||22 − n−1/2|S|

≥ −4b1

√
|S| log p

n
∗∆

√
|S| log p

n
+ b0∆2 |S| log p

n
− n−1/2|S|

= ∆
|S| log p

n
(−4b1 + b0∆)− n−1/2|S|.

11



Take ∆ = 3b1b
−1
0 . Then (9) is proved.

Lemma G. Assume the conditions of Theorem 2 are satisfied, and that
kn log(p ∨ n) = o(

√
n). Consider ηn satisfying the conditions of Theorem 2.

Then

P
{

inf
η∈Λn+

[HBIC(η)− HBIC(ηn)] > 0
}
→ 1.

Proof.

P
{

inf
η∈Λn+

[HBIC(η)− HBIC(ηn)] > 0
}

=P
{

inf
η∈Λn+

[HBIC(η)− HBIC(ηn)] > 0, Aηn = A
}

+ o(1)

≥P
{

inf
S:|S|≤kn,S⊃A

[
log
( Q̃n(β̂S)

Q̃n(β̂A)

)
+ (|S| − q) log(log n)

n
log p

]
> 0
}

+ o(1).

Note that Q̃n(β̂S) ≤ Q̃n(β̂A) since S corresponds to an over-fitted model.
Note that log(1 + x) ≤ x, ∀x > 0, then

log
( Q̃n(β̂S)

Q̃n(β̂A)

)
= − log

(Q̃n(β̂A)

Q̃n(β̂S)

)
= − log

(
1 +

Q̃n(β̂A)− Q̃n(β̂S)

Q̃n(β̂S)

)
≥ −Q̃n(β̂A)− Q̃n(β̂S)

Q̃n(β̂S)
≥ Q̃n(β̂S)− Q̃n(β̂A)

infS:|S|≤kn,S⊃A Q̃n(β̂S)
,

since Q̃n(β̂S) − Q̃n(β̂A) ≤ 0. By Lemma D and Lemma E, with kn log p =
o(
√
n), uniformly over {S : |S| ≤ kn, S ⊃ A}, with probability approaching

one,

Q̃n(β̂S) ≥Q̃n(β0) + [n(n− 1)]−1
∑∑

i 6=j

[
I(ζij < 0)− 1

2

]
(xi − xj)

T (β̂S − β0)

+ b0||β̂S − β0||22 − n−1/2||β̂S||0

≥Q̃n(β0)− 4b1

√
kn log p

n
∗∆

√
kn log p

n
+ b0∆2kn log p

n
− n−1/2kn

→E[|εi − εj|] , b4.

12



Hence, with probability approaching one, infS:|S|≤kn,S⊃A Q̃n(β̂S) ≥ b4/2. As
a result,

P
{

inf
η∈Λn+

[HBIC(η)− HBIC(ηn)] > 0
}

≥P
{

inf
S:|S|≤kn,S⊃A

[2[Q̃n(β̂S)− Q̃n(β̂A)]

b4

+ (|S| − q) log(log n)

n
log p

]
> 0
}

+ o(1)

≥P
{

inf
S:|S|≤kn,S⊃A

[2[Q̃n(β̂S)− Q̃n(β0)]

b4

+ (|S| − q) log(log n)

n
log p

]
> 0
}

+ o(1),

since Q̃n(β0) ≥ Q̃n(β̂A), by the definition of β̂A.
Applying Lemmas D and E, we have uniformly over {S : |S| ≤ kn, S ⊃

A},

Q̃n(β̂S)− Q̃n(β0) ≥[n(n− 1)]−1
∑∑

i 6=j

[
I(ζij < 0)− 1

2

]
(xi − xj)

T (β̂S − β0)

+ b0||β̂S − β0||22 − n−1/2||β̂S||0
,B1

n(S) +B2
n(S),

where

B1
n(S) = UT

nA(β̂SA − β0A) + b0||β̂SA − β0A||22,
B2
n(S) = UT

nAC (β̂SAC − β0AC ) + b0||β̂SAC − β0AC ||22 − n−1/2|S|,

with Un = [n(n− 1)]−1
∑∑

i 6=j
[
I(ζij < 0)− 1

2

]
(xi − xj). UnA, UnAC , β̂SA,

β̂SAC , β0A and β0AC denote the corresponding subvectors of Un, β̂S and β0,
according to the index set A and AC , respectively.

Note that with probability approaching 1,

B1
n(S) ≥ −||UnA||22

2b0

≥ −q||UnA||2∞
2b0

≥ −8b2
1

b0

q
log q

n
,

B2
n(S) ≥ −||UnAC ||22

2b0

− n−1/2|S| ≥ −8b2
1

b0

(|S| − q) log p

n
− n−1/2|S|.

13



Summarizing the results above, we have

P
{

inf
η∈Λn+

[HBIC(η)− HBIC(ηn)] > 0
}

≥P
{

inf
S:|S|≤kn,S⊃A

[ 2

b4

(
− 8b2

1

b0

q
log q

n
− 8b2

1

b0

(|S| − q) log p

n
− n−1/2|S|

)
+ (|S| − q) log(log n)

n
log p

]
> 0
}

+ o(1)

=o(1),

since n−1/2kn = o
(

log(logn)
n

log p
)

. Hence, the lemma is proved.

Lemma H. Assume the conditions of Theorem 2 are satisfied, and that
kn log(p ∨ n) = o(

√
n). Let β∗min = min{|β0j| : j ∈ A}, and assume β∗min �

max
{√

log(logn)
n

log p,
√

q log q
n

}
. Consider ηn satisfying the conditions of The-

orem 2. Then

P
{

inf
η∈Λn−

[HBIC(η)− HBIC(ηn)] > 0
}
→ 1.

Proof. Following the proof of Lemma G, we have

P
{

inf
η∈Λn−

[HBIC(η)− HBIC(ηn)] > 0
}

=P
{

inf
S:|S|≤kn,S 6⊃A

[
log
( Q̃n(β̂S)

Q̃n(β̂A)

)
+ (|S| − q) log(log n)

n
log p

]
> 0
}

+ o(1).

Note that

log
( Q̃n(β̂S)

Q̃n(β̂A)

)
= log

(
1 +

Q̃n(β̂S)− Q̃n(β̂A)

Q̃n(β̂A)

)
≥ min

{Q̃n(β̂S)− Q̃n(β̂A)

2Q̃n(β̂A)
, log(2)

}
≥ min

{Q̃n(β̂S)− Q̃n(β0)

2Q̃n(β0)
, log(2)

}
,

where the first inequality follows because log(1 + x) ≥ min{x/2, log(2)},
∀x > 0; and the second inequality follows because Q̃n(β̂A) ≤ Q̃n(β0) as β̂A
is the oracle estimator.
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Note that Q̃n(β0) → E|εi − εj| , b4 in probability. Hence, P
(
Q̃n(β0) ≤

2b4

)
→ 1. To prove the lemma, it is sufficient to show

P
{

inf
S:|S|≤kn,S 6⊃A

inf
β∈Rp, supp(β)=S

[Q̃n(β)− Q̃n(β0)

2b4

+ (|S| − q) log(log n)

n
log p

]
> 0
}
→ 1. (10)

Consider the set

B̃ = {β ∈ Rp : supp(β) = S, |S| ≤ kn, S 6⊃ A, ||β − β0||2 > ∆
√
|S|(log p)/n},

where ∆ > 0 is the constant in Lemma F. ∀ β ∈ B̃, write βh = β0+h(β−β0),

0 < h < 1. By the convexity of Q̃n(·), we have

Q̃n(βh) = Q̃n

(
(1− h)β0 + hβ

)
≤ (1− h)Q̃n(β0) + hQ̃n(β).

Hence, Q̃n(β) − Q̃n(β0) ≥ h−1
[
Q̃n(βh) − Q̃n(β0)

]
. By definition, ||βh −

β0||2 = h||β−β0||2. Take h = ∆
√
|S|(log p)/n||β−β0||−1

2 , then ||βh−β0||2 =

h||β − β0||2 = ∆
√
|S|(log p)/n. For this choice of h, Q̃n(βh) > Q̃n(β0) with

probability approaching one uniformly on B̃. Hence,

P
(
Q̃n(β)− Q̃n(β0) ≥ Q̃n(βh)− Q̃n(β0),∀ β ∈ B̃

)
→ 1.

Let

B∗ =
{
β ∈ Rp : supp(β) = S, |S| ≤ kn, S 6⊃ A, ||β − β0||2 ≤ ∆

√
|S|(log p)/n

}
.

To prove (10), it suffices to show

P
{

inf
β∈B∗

[Q̃n(β̂S)− Q̃n(β0)

2b4

+ (|S| − q) log(log n)

n
log p

]
> 0
}
→ 1.

∀ β ∈ B∗, define B1 = {j : βj 6= 0, j ∈ A}, B2 = {j : βj = 0, j ∈ A},
B3 = {j : βj 6= 0, j ∈ AC}. By Lemma D, with probability approaching one,
uniformly for ∀ β ∈ B∗, we have

Q̃n(β)− Q̃n(β0) ≥[n(n− 1)]−1
∑∑

i 6=j

[
I(ζij < 0)− 1

2

]
(xi − xj)

T (β − β0)

+ b0||β − β0||22 − n−1/2||β||0
,Vn1 + Vn2 + Vn3,
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where

Vn1 = UT
nB1

(βB1
− β0B1

) + b0||βB1
− β0B1

||22,
Vn2 = UT

nB2
(βB2

− β0B2
) + b0||βB2

− β0B2
||22,

Vn3 = UT
nB3

(βB3
− β0B3

) + b0||βB3
− β0B3

||22 − n−1/2||β||0,

and the notation UnBj
, βBj

and β0Bj
, j = 1, 2, 3, is the same as those in the

proof of Lemma G.
Following the proof of Lemma D, with probability approaching one, uni-

formly on B∗, we have

Vn1 ≥ −
||UnB1||22

2b0

≥ −|B1| ∗ ||UnB1||2∞
2b0

≥ −8b2
1

b0

|B1| log q

n
,

Vn3 ≥ −
||UnB3||22

2b0

− n−1/2|S| ≥ −8b2
1

b0

|B3| log p

n
− n−1/2|S|.

As the model is under-fitted, 1 ≤ |B2| ≤ q. Since β∗min �
√

q log q
n

, then

Vn2 ≥− ||UnB2||∞||β0B2
||1 + b0||β0B2

||22
≥
(
− ||UnB2 ||∞ + b0β

∗
min

)
||β0B2

||1

≥
(
− 4b1

√
log q

n
+ b0β

∗
min

)
||β0B2

||1 ≥
b0

2
(β∗min)2|B2|,

for all n sufficiently large. Observing that |B1|+ |B3| = |S|, |B1|+ |B2| = |q|.
Hence, |S| − q = |B3| − |B2|. With probability approaching one, uniformly
on B∗,

Q̃n(β)− Q̃n(β0)

2b4

+ (|S| − q) log(log n)

n
log p

≥ 1

2b4

{
− 8b2

1

b0

|B1| log q

n
− 8b2

1

b0

|B3| log p

n
− n−1/2(|B1|+ |B3|) +

b0

2
(β∗min)2|B2|

+ (|B3| − |B2|)
log(log n)

n
log p

}
≥ 1

2b4

{
− q
(8b2

1 log q

b0n
+ n−1/2

)
+ |B2|

(b0

2
(β∗min)2 − log(log n)

n
log p

)
+ |B3|

(
− 8b2

1 log p

b0n
− n−1/2 +

log(log n)

n
log p

)}
>0,
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for all n sufficiently large, since β∗min � max
{√

log(logn)
n

log p,
√

q log q
n
,
√
knn−1/2

}
.

Note that q ≤ kn, |B3| ≤ kn and knn
−1/2 = o(1). The lemma is proved.

Proof of Theorem 3. It follows immediately by combining the results of Lemma G
and Lemma H.

3 Additional numerical results

This section reports the results from additional simulation studies.

Example S1. We consider the same data generative model as in Example
1 in the main paper except that β0 = (2, 1.5, 1.25, 1, 0.75, 0.5, 0.25,0p−7)T ,
where 0p−7 is a (p−7)-dimensional vector of zeros. Comparing with Example
1, this is a more challenging scenario with 7 active variables and some weaker
signals. Table S1 summarizes the simulations results, which showed similar
performance as in Example 1.

Example S2. We consider the same data generative model as in Example 1
in the main paper except that β0 = (2, 2, 2, 1.5, 1.5, 1.25, 1.25, 1, 1, 0.75, 0.75, 0.5,
0.5, 0.25, 0.25,0p−15)T , where 0p−15 is a (p− 15)-dimensional vector of zeros.
Comparing with Example 1, this is a considerably more challenging scenario
with 15 active variables and more weaker signals. Table S2 summarizes the
simulations results, which demonstrate similar performance as in Example 1.

Example S3. We consider the same data generative model with N(0, 1)
error as in Example 1 and investigate the effect of different choices of n and
p. Table S3 summarizes the simulations results. We observe similar perfor-
mance as in Example 1.

Example S4. This example provides more information on the simulated
tuning parameter. Figure S1 depicts the histogram of c||Sn||∞ for the sim-
ulation setup in Example 1 with N(0, 1) error and c = 1.01. For a given
small α0 > 0, the (1−α)-quantile of c||Sn||∞ falls below 0.4. The theoretical
upper bound of c||Sn||∞ given in Lemma 2 of the main paper shows that the
simulated tuning parameter is of order O(

√
log p/n) with high probability.

However, this upper bound is not expected to be sharp. In the setting of
Example 1, this bound is around 2.5∼3. We observe that using this bound
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Table S1: Simulation results for Example S1

Error Method L1 error L2 error ME FP FN

N(0, 0.25)

Lasso 1.67 (0.02) 0.42 (0.00) 0.09 (0.00) 24.3 (0.48) 0 (0)√
Lasso 1.48 (0.02) 0.41 (0.00) 0.10 (0.00) 18.64 (0.31) 0 (0)

SCAD 0.58 (0.02) 0.26 (0.01) 0.04 (0.00) 0.36 (0.04) 0.28 (0.03)
Rank Lasso 1.69 (0.02) 0.48 (0.01) 0.17 (0.00) 17.86 (0.36) 0 (0)
Rank SCAD 1.03 (0.02) 0.39 (0.01) 0.09 (0.00) 3.71 (0.20) 0.58 (0.03)

N(0, 1)

Lasso 3.31 (0.06) 0.83 (0.01) 0.38 (0.01) 22.63 (0.44) 0.34 (0.04)√
Lasso 2.94 (0.04) 0.80 (0.01) 0.37 (0.01) 18.72 (0.32) 0.38 (0.04)

SCAD 1.51 (0.03) 0.64 (0.01) 0.23 (0.01) 0.41 (0.04) 1.38 (0.04)
Rank Lasso 3.29 (0.05) 0.93 (0.01) 0.65 (0.01) 17.3 (0.37) 0.67 (0.04)
Rank SCAD 1.90 (0.03) 0.70 (0.01) 0.28 (0.01) 5.04 (0.25) 1 (0)

N(0, 2)

Lasso 4.72 (0.08) 1.18 (0.02) 0.76 (0.02) 24.87 (0.63) 0.68 (0.04)√
Lasso 4.20 (0.06) 1.13 (0.01) 0.76 (0.02) 18.58 (0.26) 0.68 (0.04)

SCAD 2.24 (0.06) 0.93 (0.02) 0.47 (0.02) 0.50 (0.05) 1.79 (0.05)
Rank Lasso 4.55 (0.07) 1.28 (0.02) 1.27 (0.03) 16.72 (0.31) 1 (0)
Rank SCAD 2.96 (0.06) 0.99 (0.01) 0.56 (0.02) 7.75 (0.43) 1.52 (0.05)

MN

Lasso 6.35 (0.20) 1.63 (0.05) 1.64 (0.08) 20.23 (0.34) 1.44 (0.09)√
Lasso 5.82 (0.17) 1.60 (0.05) 1.64 (0.07) 17.89 (0.29) 1.32 (0.07)

SCAD 4.12 (0.19) 1.53 (0.06) 1.47 (0.09) 1.64 (0.12) 2.62 (0.07)
Rank Lasso 0.59 (0.01) 0.22 (0.01) 0.05 (0.00) 18.09 (0.36) 0 (0)
Rank SCAD 0.42 (0.01) 0.21 (0.01) 0.04 (0.00) 0.92 (0.08) 0 (0)

√
2t4

Lasso 6.17 (0.10) 1.57 (0.02) 1.38 (0.03) 22.29 (0.44) 1.27 (0.06)√
Lasso 5.60 (0.08) 1.53 (0.02) 1.40 (0.03) 18.09 (0.28) 1.31 (0.06)

SCAD 3.91 (0.09) 1.53 (0.03) 1.31 (0.05) 1.41 (0.09) 2.68 (0.05)
Rank Lasso 5.40 (0.08) 1.54 (0.02) 1.90 (0.04) 16.68 (0.35) 1.52 (0.06)
Rank SCAD 3.73 (0.08) 1.23 (0.02) 0.87 (0.02) 7.02 (0.37) 1.76 (0.06)

Cauchy

Lasso 12.71 (0.22) 3.94 (0.08) 14.59 (0.91) 9.14 (0.55) 5.84 (0.10)√
Lasso 11.67 (0.19) 3.75 (0.08) 15.23 (0.93) 7.20 (0.40) 5.90 (0.10)

SCAD 8.89 (0.09) 3.48 (0.04) 34.29 (0.32) 0.00 (0.00) 7.00 (0.00)
Rank Lasso 8.02 (0.15) 2.41 (0.05) 5.36 (0.27) 15.15 (0.30) 2.15 (0.07)
Rank SCAD 6.89 (0.19) 2.41 (0.07) 4.24 (0.26) 5.05 (0.24) 2.58 (0.07)

directly as the tuning parameter leads to over-penalization.
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Table S2: Simulation results for Example S2

Error Method L1 error L2 error ME FP FN

N(0, 0.25)

Lasso 3.71 (0.04) 0.73 (0.01) 0.31 (0.01) 34.15 (0.32) 0 (0)√
Lasso 3.81 (0.04) 0.74 (0.01) 0.29 (0.01) 35.77 (0.35) 0 (0)

SCAD 1.39 (0.03) 0.44 (0.01) 0.10 (0.00) 0.48 (0.05) 1.03 (0.05)
Rank Lasso 4.34 (0.04) 0.86 (0.01) 0.47 (0.01) 36.58 (0.35) 0 (0)
Rank SCAD 2.35 (0.03) 0.59 (0.01) 0.19 (0.00) 14.46 (0.51) 0.64 (0.05)

N(0, 1)

Lasso 7.31 (0.08) 1.37 (0.01) 0.96 (0.02) 38.68 (0.36) 1.31 (0.06)√
Lasso 7.11 (0.08) 1.36 (0.01) 0.99 (0.02) 35.03 (0.33) 1.23 (0.06)

SCAD 3.88 (0.07) 1.13 (0.02) 0.69 (0.02) 1.76 (0.12) 3.30 (0.06)
Rank Lasso 8.07 (0.07) 1.60 (0.01) 1.67 (0.03) 35.52 (0.36) 0.60 (0.05)
Rank SCAD 4.78 (0.07) 1.16 (0.01) 0.72 (0.02) 14.71 (0.56) 2.12 (0.08)

N(0, 2)

Lasso 10.12 (0.11) 1.84 (0.02) 1.76 (0.03) 40.3 (0.51) 2.34 (0.06)√
Lasso 9.54 (0.09) 1.83 (0.01) 1.81 (0.03) 34.24 (0.34) 2.30 (0.06)

SCAD 5.95 (0.10) 1.68 (0.02) 1.49 (0.04) 2.26 (0.13) 4.49 (0.06)
Rank Lasso 11.06 (0.10) 2.19 (0.02) 3.09 (0.05) 35.94 (0.29) 1.93 (0.08)
Rank SCAD 7.40 (0.12) 1.76 (0.02) 1.66 (0.04) 16.09 (0.57) 3.10 (0.09)

MN

Lasso 13.51 (0.32) 2.56 (0.06) 3.61 (0.14) 34.52 (0.44) 3.44 (0.13)√
Lasso 12.94 (0.28) 2.53 (0.05) 3.67 (0.15) 31.89 (0.40) 3.44 (0.13)

SCAD 8.80 (0.34) 2.34 (0.08) 3.27 (0.18) 3.36 (0.19) 5.42 (0.17)
Rank Lasso 2.06 (0.04) 0.43 (0.01) 0.14 (0.01) 41.80 (0.44) 0 (0)
Rank SCAD 0.74 (0.02) 0.25 (0.01) 0.05 (0.00) 3.26 (0.14) 0 (0)

√
2t4

Lasso 12.92 (0.16) 2.38 (0.02) 2.97 (0.06) 38.24 (0.60) 3.15 (0.08)√
Lasso 12.10 (0.14) 2.33 (0.02) 2.96 (0.06) 32.61 (0.36) 3.10 (0.08)

SCAD 8.27 (0.16) 2.29 (0.04) 2.78 (0.09) 2.83 (0.15) 5.53 (0.07)
Rank Lasso 13.42 (0.12) 2.67 (0.02) 4.74 (0.08) 34.66 (0.37) 2.93 (0.11)
Rank SCAD 9.85 (0.16) 2.32 (0.03) 2.96 (0.09) 14.15 (0.46) 4.21 (0.12)

Cauchy

Lasso 27.51 (0.39) 6.27 (0.14) 23.79 (1.08) 17.99 (0.82) 11.51 (0.23)√
Lasso 25.74 (0.35) 5.90 (0.12) 24.73 (1.16) 15.13 (0.64) 11.62 (0.23)

SCAD 19.85 (0.14) 5.17 (0.05) 108.04 (4.85) 6.34 (0.55) 13.03 (0.19)
Rank Lasso 19.85 (0.26) 4.06 (0.06) 12.30 (0.39) 31.32 (0.32) 6.14 (0.15)
Rank SCAD 18.37 (0.35) 4.61 (0.09) 12.76 (0.50) 9.03 (0.28) 8.52 (0.16)

Example S5. Table S4 below summarizes the simulations results for the
setup in Example 1 with N(0,1) error and c = 1.1.

Example S6 (Huber loss). In this example, we compare the proposed
methods with high-dimensional penalized regression with the Huber loss
function (Huber et al., 1964). Huber’s loss function played an important
role in classical robust statistics. Recently, several papers have studied the
theory of high-dimensional Huber’s regression, see for instance Fan et al.
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Table S3: Simulation results for Example S3

n p Method L1 error L2 error ME FP FN

50 400

Lasso 2.76 (0.07) 0.88 (0.01) 0.44 (0.01) 16.41 (0.65) 0 (0)√
Lasso 2.10 (0.04) 0.84 (0.01) 0.46 (0.01) 8.90 (0.22) 0 (0)

SCAD 0.75 (0.03) 0.44 (0.02) 0.14 (0.01) 0.36 (0.04) 0 (0)
Rank Lasso 2.17 (0.04) 1.01 (0.02) 0.96 (0.03) 5.65 (0.20) 0 (0)
Rank SCAD 1.37 (0.06) 0.55 (0.02) 0.20 (0.01) 6.28 (0.60) 0 (0)

100 400

Lasso 1.73 (0.04) 0.60 (0.01) 0.21 (0.01) 14.18 (0.44) 0 (0)√
Lasso 1.46 (0.03) 0.58 (0.01) 0.22 (0.01) 10.30 (0.29) 0 (0)

SCAD 0.46 (0.02) 0.27 (0.01) 0.05 (0.00) 0 (0) 0 (0)
Rank Lasso 1.57 (0.03) 0.67 (0.01) 0.38 (0.01) 8.56 (0.23) 0 (0)
Rank SCAD 0.47 (0.01) 0.26 (0.01) 0.05 (0.00) 0.23 (0.04) 0 (0)

100 1000

Lasso 2.50 (0.04) 0.81 (0.01) 0.36 (0.01) 21.15 (0.48) 0 (0)√
Lasso 2.21 (0.04) 0.78 (0.01) 0.35 (0.01) 16.67 (0.33) 0 (0)

SCAD 0.44 (0.02) 0.27 (0.01) 0.05 (0.00) 0 (0) 0 (0)
Rank Lasso 2.23 (0.03) 0.86 (0.01) 0.53 (0.01) 13.80 (0.32) 0 (0)
Rank SCAD 0.44 (0.01) 0.25 (0.01) 0.05 (0.00) 0 (0) 0 (0)

100 5000

Lasso 2.87 (0.13) 0.84 (0.03) 0.39 (0.02) 27.06 (1.28) 0 (0)√
Lasso 2.33 (0.08) 0.79 (0.02) 0.34 (0.02) 21.43 (0.84) 0 (0)

SCAD 0.42 (0.01) 0.24 (0.01) 0.04 (0.00) 0 (0) 0 (0)
Rank Lasso 2.04 (0.07) 0.73 (0.02) 0.32 (0.02) 18.28 (0.98) 0 (0)
Rank SCAD 0.47 (0.02) 0.26 (0.01) 0.05 (0.00) 0 (0) 0 (0)

Table S4: Simulation results for Example 1 with N(0,1) error and c = 1.1

Method L1 error L2 error ME FP FN
Lasso 1.54 (0.04) 0.57 (0.01) 0.20 (0.01) 13.08 (0.43) 0 (0)√
Lasso 1.41 (0.03) 0.54 (0.01) 0.21 (0.01) 11.46 (0.33) 0 (0)

SCAD 0.46 (0.02) 0.28 (0.01) 0.06 (0.00) 0 (0) 0 (0)
Rank Lasso 0.92 (0.01) 0.50 (0.01) 0.32 (0.01) 2.80 (0.15) 0 (0)
Rank SCAD 0.48 (0.01) 0.28 (0.01) 0.06 (0.00) 0 (0) 0 (0)

(2017), Loh (2017) and Sun et al. (2020). In this example, we adopt the
same simulation setup as in Section 5 of Sun et al. (2020) where εi ∼ t1.5 and
p = 500. The L2 estimation error of the proposed methods are summarized
in Table S5 and displayed in Figure S2. Comparing the results with what
were shown in Figure 2 of Sun et al. (2020), we observe that the proposed
new methods have improved performance in estimation accuracy. For exam-
ple, for n = 400, the L2 estimation error for Rank Lasso is 0.58 and that for
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Figure S1: Histogram of c||Sn||∞ in Example 1 for N(0, 1) error

Rank SCAD is 0.30; in contrast, the L2 estimation error in Figure 2 of Sun
et al. (2020) is close to 1. In Sun et al. (2020), the tuning parameter of Hu-

ber loss is set as τ = σ̂
2

√
n

log p logn
, and σ̂ = n−1

∑n
i=1(yi−ȳ)2, ȳ = n−1

∑n
i=1 yi.

Table S5: Simulation results for Example S6: L2 estimation error

n Rank Lasso Rank SCAD
100 1.95 (0.01) 0.68 (0.06)
200 0.94 (0.01) 0.45 (0.03)
300 0.70 (0.02) 0.36 (0.03)
400 0.58 (0.01) 0.30 (0.02)
500 0.51 (0.02) 0.27 (0.02)
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Figure S2: L2 estimation error of the proposed methods for Example 7

Example S7. In this example, we consider the simulation setting of Exam-
ple 3 of the main paper with the mixture normal random error. As in the
main paper, we consider cross-validated Lasso (with tuning parameter mini-
mizing the cross-validation error), square-root Lasso, Huber Lasso and Rank
Lasso. Upon a referee’s suggestion, we also include Lasso-1se and Lasso-
EBIC (Lasso with tuning parameter selected by the extended BIC (EBIC)
of Chen and Chen (2008)). Lasso-1se is cross-validated Lasso with tuning
parameter selected by the one standard error rule (an option in “cv.glmnet”
function), see for example Section 2.3 of Hastie et al. (2015). Lasso-1se is
implemented in the R package glmnet, while Lasso-EBIC is implemented
using the R package SIS (Saldana and Feng (2018)). The results are sum-
marized in Table S6. The tuning parameters for Huber Lasso are selected
via a two-dimensional grid search. We observe that both Huber Lasso and
Rank Lasso substantially improve the performance of Lasso (with different
tuning parameter selection methods) and square-root Lasso in the presence
the heavy-tailed errors. For all three different design matrices, Rank Lasso
yields the smallest estimation error.
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Table S6: Simulation results for Example S7

Σ Method L1 error L2 error Pred error FP FN

Σ1

Lasso 4.87 (0.18) 1.75 (0.06) 0.76 (0.04) 12.30 (0.25) 0 (0)√
Lasso 4.79 (0.17) 1.72 (0.06) 0.75 (0.04) 12.23 (0.26) 0 (0)

Lasso-1se 3.88 (0.13) 1.78 (0.05) 3.56 (0.18) 5.24 (0.21) 0.33 (0.04)
Lasso-EBIC 3.99 (0.14) 1.64 (0.05) 1.32 (0.05) 6.54 (0.30) 0 (0)
Huber Lasso 1.28 (0.04) 0.50 (0.01) 0.11 (0.01) 10.77 (0.23) 0 (0)
Rank Lasso 0.27 (0.01) 0.11 (0.00) 0.00 (0.00) 12.29 (0.27) 0 (0)

Σ2

Lasso 2.49 (0.10) 0.92 (0.03) 0.82 (0.05) 11.37 (0.35) 0 (0)√
Lasso 2.18 (0.08) 0.93 (0.03) 0.81 (0.05) 7.65 (0.23) 0 (0)

Lasso-1se 2.71 (0.08) 1.50 (0.04) 3.35 (0.17) 0 (0) 0 (0)
Lasso-EBIC 1.90 (0.06) 1.01 (0.03) 1.19 (0.05) 1.40 (0.13) 0 (0)
Huber Lasso 0.49 (0.01) 0.27 (0.01) 0.08 (0.00) 2.47 (0.16) 0 (0)
Rank Lasso 0.11 (0.00) 0.07 (0.00) 0.01 (0.00) 1.62 (0.11) 0 (0)

Σ3

Lasso 1.53 (0.06) 0.67 (0.02) 0.59 (0.04) 7.12 (0.33) 0 (0)√
Lasso 1.55 (0.06) 0.68 (0.02) 0.57 (0.04) 6.32 (0.19) 0 (0)

Lasso-1se 2.17 (0.06) 1.24 (0.03) 2.71 (0.12) 0 (0) 0 (0)
Lasso-EBIC 1.17 (0.04) 0.67 (0.02) 0.62 (0.03) 0.84 (0.13) 0 (0)
Huber Lasso 0.31 (0.01) 0.19 (0.01) 0.05 (0.00) 0.31 (0.04) 0 (0)
Rank Lasso 0.08 (0.00) 0.05 (0.00) 0.00 (0.00) 0 (0) 0 (0)
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