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This paper is concerned with statistical inference for regression coef-
ficients in high-dimensional linear regression models. We propose a new
method for testing the coefficient vector of the high-dimensional linear mod-
els, and establish the asymptotic normality of our proposed test statistic with
the aid of the martingale central limit theorem. We derive the asymptotical
relative efficiency (ARE) of the proposed test with respect to the test pro-
posed in Zhong and Chen (J. Amer. Statist. Assoc. 106 (2011) 260-274), and
show that the ARE is always greater or equal to one under the local alternative
studied in this paper. Our numerical studies imply that the proposed test with
critical values derived from its asymptotical normal distribution may retain
Type I error rate very well. Our numerical comparison demonstrates the pro-
posed test performs better than existing ones in terms of powers. We further
illustrate our proposed method with a real data example.

1. Introduction. Hypothesis testing in high-dimensional data is an important problem,
with applications ranging from genomics to finance, as illustrated by Chen et al. (2011) and
Chudik, Kapetanios and Pesaran (2018). This paper aims to develop a new approach to-
wards conducting hypothesis testing on the entire coefficient vector in the setting of high-
dimensional linear regression models where the dimension size p of the coefficient vector
may be larger than the sample size of observations #.

Traditional low-dimensional approaches such as the F'-test for regression coefficient test-
ing are unable to be used for inference in a high-dimensional setting due to insufficient de-
grees of freedom. Hence, new approaches are needed for the problem of high-dimensional
hypothesis testing of regression coefficients. To this end, most existing methods treated hy-
pothesis testing on the high-dimensional regression coefficient vector B as a large scale mul-
tiple hypothesis test, notably Liu and Luo (2014) in the one-sample case and Xia, Cai and
Cai (2018) in the two-sample case. There are only a few existing proposals for tests for lin-
ear regression coefficients in the high-dimensional setting. Goeman, van de Geer and van
Houwelingen (2006) introduced a global test for multiple coefficients constructed as a score
test on the hyperparameter of an empirical Bayesian model, specifically on the variance of
the distribution where the coefficients are assumed to be from. Zhong and Chen (2011) pro-
posed a U -statistic for tests on high-dimensional regression coefficients that also works with
factorial designs. Lan, Wang and Tsai (2014) proposed a new testing procedure for a set of
regression coefficients by using the partial covariances between the response variable and
the tested covariates. Cui, Guo and Zhong (2018) developed a testing procedure for high-
dimensional regression coefficients by constructing a U -statistic of order two and proposed
to use refitted cross-validation (RCV) for estimating the error variance o2.

In this paper, we propose to formulate the high-dimensional regression coefficient testing
problem as an equivalent high-dimensional one-sample mean testing problem using the score
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function. With the aid of this formulation, one can directly construct a high-dimensional
regression coefficient testing procedure by utilizing existing high-dimensional mean tests
such as Bai and Saranadasa (1996) and Chen and Qin (2010). To improve on the power of
existing testing procedures, we propose a new test statistic based on the test of Chen and
Qin (2010) for the score function mean with an additional power-enhancement term, which
utilizes the correlations among the predictors to improve power. We establish the asymptotic
normality of the proposed test statistic with the aid of the martingale central limit theorem. We
further show the superior asymptotic relative efficiency of our proposed test with respect to
some of the existing ones by incorporating the power-enhancement term. We conduct Monte
Carlo simulations to examine Type I error rates. Our numerical results demonstrate that the
asymptotic normal distribution approximates the distribution of the proposed test reasonably
well, and its percentiles can serve as the critical values of the proposed test. We also conduct
Monte Carlo simulations to compare the performance of the newly proposed test with existing
ones. Our numerical comparison shows that the newly proposed test outperforms the existing
ones in terms of power. We further illustrate the proposed test via an empirical analysis of a
breast cancer data set.

The remainder of this paper is organized as follows. In Section 2, we propose a new test
statistic for the linear regression coefficient testing problem based on the equivalent mean
vector testing problem, and establish the asymptotic normality of our test statistic under both
the null and the local alternative hypotheses. Section 3 provides numerical results from Monte
Carlo simulations and also a real data analysis. Some concluding remarks are given in Sec-
tion 4, and additional numerical results are given in the Supplementary Material (Zhao et al.
(2024)) of this paper.

2. Testing regression coefficients. Consider the following linear regression model:
€)) y=bo+x'B+e,

where y is the response, x is a p-dimensional random vector with mean gy and covariance
matrix Xy, B is the regression coefficient vector, by is the intercept, and ¢ is the random error
independent from x with E(¢|x) =0 and Var(¢|x) = O’ZE

2.1. A test with power enhancement. Suppose that {x;, y;},i =1, ..., n, are independent
and identically distributed (i.i.d.) random samples from model (1). Of interest is to test the
hypothesis

) Ho:B =By versus Hi: B #pB,,
where B is known. To eliminate the intercept, we may center both x and y, and consider
Y-y =& —py) Bt

where uy = E(x) and uy = E(y). Thus, the score equation for estimating 8 is

n

Y i — ) (i — iy — (xi —py) ' B) =0.
i=1

This motivates us to define z; = (x; — ) (yi — puy — (x; — uX)TﬁO) for the purpose of
testing (2). Denote . = E(z;), which gives us

p=E{(x; — py)((xi —px) (B —Bo)+&)} =Zx(B— By

Hence, for nonsingular X, testing the hypothesis in (2) is equivalent to a one-sample mean
testing problem on the mean of the score function

3 Hyo:uw=0 versus H;:p#0.
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Thus, we may apply one-sample mean tests for z;, i =1, ..., n, for testing on regression
coefficient vectors.

In practice, wy and py are unknown. It is natural to use the sample means x and y to
estimate wy and py, respectively. Thus, with a slight abuse of notation, we define

Zi=; —%)(yi—y—(x —%)" Bo)

for the purpose of hypothesis testing (3). As shown in Section 2.3.1, the estimate errors due
to x and y are negligible.

While literature on testing high-dimensional regression coefficients is limited, there is a
much wider scope of work dedicated to mean vector testing in high-dimensional settings in
the last two decades. For an overview, see Huang et al. (2022), a recent review article on this
topic, and references therein. Furthermore, existing high-dimensional regression coefficient
tests such as Zhong and Chen (2011) and Cui, Guo and Zhong (2018) can be seen as exten-
sions of sum-of-squares high-dimensional mean testing approaches (e.g., Bai and Saranadasa
(1996) and Chen and Qin (2010)) to the regression coefficient testing setting.

For the one-sample mean testing problem (3), we define a statistic that we will use to
construct a test statistic 7, in (5) below

@) Wyp=—"-2[z]z;+ k" 2z} ],
nn—1) ~
i<j
where « is a p-dimensional vector with |le| = 1, and &, is a positive number. Conditions

on k, and « can be found in Theorem 1. We conduct some numerical comparison on the
different choices of k, and a in Section 3.2. The first term in W,, is a U-statistic, which
is similar to the test proposed for the two-sample high-dimensional mean problem in Chen
and Qin (2010) and the test for regression coefficients in high-dimensional linear models
in Cui, Guo and Zhong (2018). The second term in W, is designed to enhance the power
of the test. The construction of the second term for power enhancement is partly motivated
by Cui et al. (2020), where power-enhancing artificial data points are used in the empirical
likelihood test for the one-sample large-dimensional mean problem in which it is assumed
that p/n — ¢ € [1, 00). It is noteworthy that the expectation of W,, is zero under the null
hypothesis when z is constructed using the true population means and the expectation is
asymptotically zero under the null hypothesis when z is constructed using the sample means.

To construct the test statistic based on W,,, we further need to derive its asymptotic vari-
ance. In Section 2.3.1, we show that under the null hypothesis and the conditions that x and
& have finite fourth order moments,

Var(W,) = 62,

where

2
o2 = n_z[tr(Cov(z)z) +2kpe " Cov(z)®e + k2 (o Cov(z)ar)’].

n

Note that if we define
Q=37 +k3=/ aa’s)?,
then onz = n% tr(2%). We further propose our test statistic 7;, based on W, as

nW,

Vo)

(5) Tn =
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—

where tr(22) is defined as
tr/(§27) = tr(flg) - 2knaT£ga + k(" S2a)?,

Y.z is the sample covariance of z, and

—- 1
e ) (T e
n(n—1) 2 ) iz
(6) .

:mZ(ZiZ )2 —(n(n Y ziz) ) .

7] t#/

The rationale in the derivation of these estimators is similar to that of the derivation of the
test statistic W,,. A similar estimation method has also been used by the asymptotic variance
estimators in Chen and Qin (2010). Additionally, Section 2.3.1 provides a more detailed

derivation, and shows that n%tr(Qz) is a ratio consistent estimator for o*n2 under the local
alternative hypothesis (7).

2.2. Limiting distributions and asymptotic relative efficiency. We next establish the
asymptotic normality of the test statistic 7,, under the null and local alternative hypotheses.
We impose the following two assumptions to facilitate technical proofs.

Al. x; = ux + I'xp;, where xo;, i = 1, ..., n, are i.i.d. random vectors of length p with

. . 1/2
elements having mean zero, Varlance one, and bounded fourth order moments, I' = X X/ ,

I} lo l
x0; = (x0i1, - - - xolp) and E(xom . xo"l‘ix ) _E(xol-:“) -E(x "‘Sa Yforl <oy <--- <oy <

pand Y i_ 1y, <4
A2. g,i=1,...,n, are i.i.d. random variables with mean zero and variance o
bounded fourth order moments.

2 and

Assumptions Al and A2 are quite mild. Assumption A1 is similar to the independent com-
ponent assumption widely used in high-dimensional literature (Bai and Saranadasa (1996)).
Assumption A2 is a mild assumption on the distribution of the random error.

We further assume that the local alternative has the following form:

(7) Ha:ﬂ:ﬂo-i—n_l/z(SuEith 18] < C and ||u| =1,

where C is a nonnegative constant independent of p, and || - || is the Euclidean L, norm.

THEOREM 1. Suppose that Assumptions Al and A2 hold and that lmax(Xx) =
o(/min(n, p)), where Amax(Xx) is the largest eigenvalue of Xx. Further assume that o

is a p-dimensional vector with ||| = 1, that k 20 Sy = 0(,/tr(E )) and that k, = o(/p)
as n — oo. Then:

(i) under the null hypothesis Hy, T, — N (0, 1) in distribution as n — 00;
(i1) under the local alternative hypothesis H, in (7),

n||8; 11> + nky e8> 4
2u(@))1/2
where §; = Xx (B — Bg), and || - || is the Euclidean Ly norm.

—- N(@©O,1) asn— oo,

() T, —

Theorem 1 establishes the asymptotic distribution of 7, under the null hypothesis and the
local alternative (7). The proof of Theorem 1 is given in Section 2.3.
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From Theorem 1, the test with the rejection region {7}, > z,} has asymptotic size a, where
Z4 18 the right a quantile of the standard normal distribution. Furthermore, we can obtain that
the asymptotic power of the proposed test of size a under the local assumption (7) is

~ R8P + nky a7 8.
©) P8 =0z, + e )

where ®(-) is the cumulative distribution function of the standard normal distribution. Com-
paring the asymptotic power expression (9) with 8zc(8;) in Zhong and Chen (2011),

2
Pzc(82) = (I)(_Za + %)
2tr(2204)}1/2

we get the asymptotic relative efficiency (ARE) of the proposed test with respect to Zhong
and Chen (2011)

18P +Kale T8 (230!

ARE
16-112 * @)1 2
3 tr(z§a4)1/2{ k,,|aT<sz|2}
tr(Q2)1/2 1182112
. +kn|aTsz|2
1182112

The last limit is because tr(Q?) = tr(Eia“) under the null hypothesis, and that tr(Q?) =

tr(2§04)(1 + o(1)) under the local alternative in (7). Hence, the ARE for the proposed test

with respect to the ZC test is always greater than or equal to one under the local alternative

Ts |2
(7). Moreover, if k, and a are chosen such that %

the ARE of the proposed test with respect to the test in Zhong and Chen (2011) is always
AL A
18112

a to be similar to that of §. In practice, we choose @ = p_l/ 2(1,1,...,1)T, and obtain good
numerical results. We also experiment with other choices of a. Details and discussion of the
results are in the numerical studies section.

is bounded away from zero, then

greater than one. Note that for

to be large for a given k,, we want the direction of

REMARK 1. One natural question for the proposed method is how to choose tuning pa-
rameters such as « and k,. Note that because 2 depends on « and k,,, it seems that deriving
an exact optimal choice of & in terms of reaching the best power based on (9) would be very
difficult. It is expected that the exact optimal value of & depends on both &, and additional
unknown parameters and is of a complex expression. Nonetheless, from the asymptotic ex-
pression for ARE, we may obtain that under the conditions in Theorem 1, the asymptotically
optimal direction for & is J,/|8;|[, where §; = Lx (B — B), which depends on unknown
parameters Xy and . Thus, if we use the same data to do the calculation of « as well as the
hypothesis test, it would make the limiting null distribution of the test statistic quite compli-
cated. Alternatively, one could use a data-splitting procedure, where part of the data is used
to estimate o and a different part is used for hypothesis testing. This may result in a loss of
power due to the reduction of sample size for testing. Further study on this is beyond the
scope of this paper, but it would be an interesting topic of future research.

REMARK 2. From the asymptotic expression for ARE, it seems that larger k, will lead
to larger ARE. However, note that the asymptotic expression for ARE is derived under the
conditions of Theorem 1, especially the conditions that kpot T Txa = of tr(Zf()) and that

kn = o(\/p) as n — 00. Also note that when the largest eigenvalue of Xx is bounded, the
conditions on k; can be simplified into k, = o(,/p).
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To study the optimality of the proposed test, we follow the random effects setting in Arias-
Castro, Candes and Plan (2011a), and consider a random effects model (REM) with the fol-
lowing prior 7 on the regression coefficient vector in the alternatives: the regression vector
has § = p!'~% nonzero coefficients following i.i.d. sub-Gaussian distributions with mean zero
and variance y2, and the support of 8 is uniformly randomly generated among the size-S
subsets of {1, 2, ..., p}. We have the following optimality results.

THEOREM 2. Suppose that Assumptions Al and A2 hold, and that Apax(Xx) =
o(s/min(n, p)). Let
p
Vo = —F——
nS\/tr(X%)
then under the alternative hypothesis as specified in the REM model with s € [0, 1/2):

(i) further assuming that the random error €;,i =1, ...,n, are i.i.d. Gaussian random
variables with mean zero and variance o, then all sequences of tests are asymptotically
powerless if)/z/yo2 — 0 asn— o0;

(ii) the proposed test is asymptotically powerful when o is a p-dimensional vector with

lecll = 1 and kyo T Exee = o(/tr(E%)) if y2/y¢ — 00 as n — oco.

In Theorem 2, the REM is assumed for the derivation of the threshold yoz. Similar models
are also used in other studies on optimality, such as Arias-Castro, Candes and Plan (2011a). In
the REM model, s measures the sparsity level of the regression coefficient, and > measures
the signal strength. Under the REM with moderate sparsity s € [0, %), Theorem 2 establishes
a signal strength threshold yoz, and that if the ratio between the signal strength y2 and the
threshold y02 tends to zero, then every test is asymptotically powerless; while the ratio y2/ y02
tends to infinity, the proposed test is asymptotically powerful. Such results illustrate the opti-
mality of the proposed test. The proof of Theorem 2 is given in Section 2.3.

2.3. Additional technical details and proof of Theorems 1 and 2. 'We now provide ad-
ditional technical details for theoretical derivations. In Section 2.3.1, we derive the explicit
forms of the mean and variance of W,. The proofs of Theorems 1 and 2 are given in Sec-
tions 2.3.2 and 2.3.3, respectively.

2.3.1. Derivation of mean and variance of W,. Let us start with the scenario in which
wx and py are known. Thatis, z; = (x; — uy)(yi — ny — (x; — ;LX)TﬁO). Thus,

W, = ﬁ ;[Z,sz +knot ' ziz ] .
For E(W,,), we have
E(W,) =E(z z;) + kaBle ' 2:2] @) = |[E@)[” + ku e "E@) >
Under the null hypothesis, E(z) = 0. Therefore, it follows that
E(W,)=0.

Furthermore, we have

1
Y Var(Wyij) + ———— Y Cov(Whij, Wai)

Var(W,,)) =
" n? nZ(n —1)2 ik

(n—1)2

i<j

2 1
= 2 NarW,) (1 +0(D) + o( ) Cov(Wiiz, War3).

n
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where W;; = lezj + knocTz,-ijoe. Thus, it follows that
Var(Wy12) = Var(z{ 22) + 2k, Cov(z{ 22, &' 2125 &) + k2 Var(e ' 212, ).

From the law of total variance, we further have

Var(z{ z5) = tr(Cov(z)?) + 2E(z) " Cov(z)E(z).
Similarly, from the law of total variance, for Var(Oth 1z2Tct), we have

Var(e ' z129 @) = (@' Cov(z)a)® 4 2o Cov(z)e(e E(z))’.
Additionally, for Cov(z{ z2, & " z1z] &), we have
Cov(z{ 22,0 21z, @) =a ' Cov(z)’a + 2E(z) | Cov(z)aa  E(z).

Furthermore, under the null hypothesis, it is easy to have that Cov(W12, Wy13) = 0. In sum,
under the null hypothesis, we have

Var(Wy) = o/,
where
2
02 = n—z[tr(Cov(z)z) + 2k, Cov(z)?a + k2(e " Cov(z)er)].

Consider the following estimator for o>

. 2. - -
62— Sln(z3) + 2pa " 22+ k2 (" Sza)?],

n

where X7 is the sample covariance of z, and

— 1
I VR SV I )
_n(n_l)i;(zlzj) (n(n gzlz .

Note that a similar estimation method has also been used by the asymptotic variance estimator
derivation in Chen and Qin (2010). In fact, tr(E%) and a | E%a are ratio consistent estimators

for Lr\(Cov(z)Z) and a " Cov(z)%e under the local alternative hypothesis, respectively. Take

al E%a, for example. Under the local alternative (7), we have

a' Cov(z)’a =o' (E(zz") —E@E@) Y a=a' (Ezz")) a(l +0(1)),

where the last equality is from Amin(E(zz 7)) = O(1) and that |E(2)|| = o(1), which follows
from

|E@)| = |E[(x — mx)(y — 1y — (x — ) " Bo)]|
= |E[(x — px)(x —x) T (B = Bo)]|
= 0(n " Phmax(Zx)) = 0(1)

under the local alternative (7). Similarly, under the local alternative (7), we have

o 220 = [Za ziz] oc] +o(1)).

n(n— 1) oy
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Furthennore we have E(aT(z,zT)zoz) =a " (E(zz"))2%a. Hence, from the theory of the U-
statistic, 5 [.; @ T(Z;ZT)2
Additionally, we can further show that &7 is a ratio consistent estimator for > under local
alternatives.

We next turn to the case where uy and py are unknown. We calculate z using the sample
meansas z; = (x; —xX)(yi —y — (x; — E)Tﬂo). For clarity, here we use z and W,, to refer to z
and W, calculated using the sample means and use z° and W? to refer to z and W, calculated
using the population means. We have

Wy =Wo=(z-2)"(E+2) + ke G -2)E+2") '@
+ Op(n_l)()\max(EX) + knOLTEXo[)

o] is a consistent U-statistic estimator for o ' (E(zz "))3«.

=Z-2)"@E+2) + ke Z -2z +2°) @+ o0, (nu(T3)).
Furthermore, we have
Var(W, — W) = O(tr(Vy)) + k20 (e T Var) + o(Var(W,,))
— 0(k2(TE[2°2° ) + o(Var(W,),
where V, = E[(Z — 29)(z — 2% T1E[z°Z°7]. And under the local alternative (7), we have
E[ 0z OT]
<E((e"(x — ) x — ) (B —B0)’) +n e TB((x — px)(x — py) e
= n_IEzTZXa)Z +n la Tya.
Hence, we have Var(W,,) = Var(W,?)(l 4+ o0(1)), and &,12 is still a ratio consistent estimator for

Var(W,,) for W, constructed with sample means.

2.3.2. Two lemmas and Proof of Theorem 1. Let us introduce some notation. Define
Zyi = (i — ) (Vi =y — (x; — px) ')

=i —px) (i —pnx) T (B—1) +€),
and

n

1 & 1
Sz, = " Y niZyi = P Y (i =) B—n ) (e —rx)xi —py)
i=1

i=1
Then we have zg ; = (x; — px)€;, and Sz, = Zl 128, ,zﬂl =1 DI lez(xl ny)(x; —
rx)T. We also let £z, = ESz, = 6>Sy. Further define Q| = S‘/2(1 + kyaae )77, and
Q) = (21/2(1 + k ocoeT)El/z)z. To prove Theorem 1, we need the following two lemmas,
whose proofs are given in the Appendix.
LEMMA 2.1. Under Assumptions Al and A2,
nlizgl? — tr(Sz,) d

V204 t(Z%)

LEMMA 2.2. Under the conditions for Theorem 1 and the local alternative condition (7),
nWy — (18117 + knlo” 8% d
{2tr(Q2)}1/2

10)

S N, 1).

— N(0,1).
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PROOF OF THEOREM 1. The null hypothesis Hy and the first part of Theorem 1 can be
seen as a special case of the local alternative hypothesis (7) and the second part of Theorem 1
with § =0 and B = B. Thus, it suffices to show the second part of Theorem 1 for local
alternatives.

It is easy to verify that under the null hypothesis or local alternative hypothesis (7),
tr(21) = tr(2)(1 + 0, (1)), and tr(£23) = tr(Q3) (1 + 0p(1)). In fact, under the null or local
alternative (7), we have

tr(1) — tr() = tr((I, + kneer ") Sz,) — tr((I, + knotar ") Sz, ) + 0, (tr())
= tr((I + knotar ") (Sz, — Sz4)) + 0, (tr()
=t(Sz, — Sz,,) + knt | (Sz, — Sz, )t + 0, (tr(R)).

Since

1 n
Szp = Sz, =~ S (i — 1) (B = Bo) +ei) —€X)(xi — my) (ki — px) "

1 n
== D (i — mx) (B - .30))2 +2(x; —px) " (B — Bo)ei)
i=1

x (i —px)(xi —px)',
we have tr(£21) = tr(2)(1 + 0, (1)) under the local alternative (7). Similarly, we have

tr() — tr(Q2) = [ (2% — Q)2 + Q)]
= (14 k) 0, (r(2)* — Q))
= (1+ka) O (E[tr((I) + kneer ") (Sz, — Sz4))])
=0, (tr(€2?)).
For B = B +n~'/?8u with |8] < C and ||u|| = 1, we have

n||8 |1 + nkylaT 8, ?
{2tr(Q)}1/2

n—

_w@)2 | (@) ~ (@)

@2 " @) 2
[{2&(92)}1/2 1}n||61||2+nkn|ozT32|2
024r(Q2))1/2 (2tr(2)}1/2 ’

where
T4 — nWy —n(|18:11> + knla §;|%)
" {2tr()}1/2

The second and the third terms are of 0, (1) as n and p go to infinity. In fact, it is easy to have
tr(Q1) — tr(Q) = 0,({2tr(22)}!/2). Furthermore, since tr(2) — r(Q) = 0,,({2tr($22)}1/2)
(equation (6.10) Chen and Qin (2010)), the second term is of o,(1). Since tr(Qz) is a
ratio consistent estimator of tr(§22) which is itself ratio consistent with tr(£2,), we have
{2'[r(Qz)}1/2/{2'[1r(/S27)}1/2 — 1=0,(1). Hence, the third term is also of 0, (1). Furthermore,
since {2tr($2)}1/2/ {2&(/82\2)}1/ 2 converges to one in probability, and Lemma 2.2 establishes
that 7, —d> N (0, 1), the proof of Theorem 1 is complete. [
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2.3.3. Proof of Theorem 2. Without loss of generality, we assume that 8, = 0 in the null
hypothesis, and we also assume that Var(y;|x;) = 02 = 1. Then the average likelihood ratio
corresponding to the prior 7 on the alternatives is given by

(11) W(X,y)=Ex[exp(y X8 — I XBI*/2)IX, y],

where X is the n x p design matrix, y is the response vector, and E; [-| X, y] is the conditional
expectation regarding the prior v on the alternatives given X and y. By the Neyman-Pearson
lemma, the likelihood ratio test 7 = {W (X, y) > 1} minimizes the average risk Risk, (T) =
Py(T =1)+E,[I(T =0)], where Po(T = 1) is the type L error and E [1 (T = 0)] is the type
II error under the prior 7w on the alternatives. To show all sequences of tests are powerless,
we only need to show that limsup E(W (X, y)z) =1 (Section A.1, Arias-Castro, Candes and
Plan (2011b)). Note that E(W (X, y)) > 1 from the Jensen inequality and the convexity of the
exp function. As a result, we only need to show that E(W (X, y)z) <1+ o(1) to prove the
first part of Theorem 2.
By Fubini’s theorem, first integrating with regards to y, we have

E(W (X, y)%) =E[Ex[exp(8TXTXB)|X]].

where B’ is another vector from the prior 7, that is, 8, 8’ gy m, and E;[-|X] is the condi-
tional expectation regarding the prior 7 on the alternatives given X. Let R = }_;. p;#0 Rjs

where Rj = ;X JTX B’, and X ; is the jth column of the design matrix X. Then we have

E(W (X, y)*) = E[Ex[exp(R) X ]] :E[Eﬂ [exp( )3 Rj>\xﬂ.
J:Bj#0
Denote B’s and B”’s supports as J and J’, respectively. Without loss of generality, we
assume that gy = 0 in Assumption Al. We also assume that the diagonal elements of Xx
are bounded from above. Note that R; =a;B;, j€ J,a; =X jTX B’, are mean-zero sub-
exponential random variables, and they are jointly independent given X and B’. Then with
Bernstein’s inequality (Theorem 2.8.2, Vershynin (2018)), we have

Zajﬁj Zt‘X,ﬂ/)

P(IR| zt|X,ﬂ/)=P<
jeJg

12 t >)
yzzjejajz.’ y maxjes |a;j|

ct? ct
<2exp — =3 + 2exp - )
V22 jegaj y maxjer la;l|

(12) < 2exp<—cmin(

with some absolute constant c. Note that because the function f(x) =exp(—1/x) is concave
in x > 0, then from Jensen’s inequality we have

P(IRI = 1]X) =Ex[P(IR| = 11X, ) |X]
(13)

< 2exp(— 3 r 3 ) +2exp(— ot )
14 En[Zjejajlx] YEr[maxjesla;||X]

For y?Ex[Y e 7 a7|X] in (13), we have Ex[R?*|X] = y?Ex[Y;c 7 a7|X]. And we have

E.[R*|X]=E.[B"X"XB'B "X "XB|IX]=E,[t(B'BTX"XBB" X" X)|X]
=tu[E, (88 X XBBTXTX|X)] =u[E, (B8 X X|X)].
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From the prior 7 of 8, we have

) B ToT 2 Syz S2V2 - 2
Ex[R1X] = u[Bx (87 X X1X)*] = tr( =Dy + = (XX = Dx)
252 4
: pzy (X X/n)%) =0, (1),

where Dy is the diagonal matrix of X ' X, and the last equality is from tr(X " X /n)?) =
Op (tr(Eg()) as n and p go to infinity, and that )/2 / )/02 = o(1) in the first part of Theorem 2.
Then for the second term in (13), we have

l2

S -
yzEn[Zjejajz'|X] B

with K; = 0,(1). Now we consider how to control the second term in (13). We have a; =

> jreq X ]TX j/ﬂ/j,. Then we use Bernstein’s inequality (Theorem 2.8.2, Vershynin (2018))

again for a;, and get

2
1t t
P(|a-|Zt|X,j,.7')§26xp<—cmin< , ))
! V2Y e (XX ;02 ymaxjes |X ] X |

2
t t
< 2€xp<—c1 min( , —))
Y2 Y jeg (X[ X )% ny

2
cit cit
§Zexp<— >+2exp<——),
72 Zj’ej/(X}—Xj/)z ny

for some bounded positive constant c¢i. Further, from Jensen’s inequality and the concavity
of f(x) =exp(—1/x), we have

2
cit cit
P(Ia~|2t|X)§2exp<— )+2exp<——)
! V2B [ jre s (X ] X ) X] ny

2.2
t t
§2exp(— a pT )—I—Zexp(_i).
Sy2ur((X ' X)?) ny

Note that this holds for any j, and we get

2.2
cit°p ) ( cit )
P(ma i >[X <2e — +26 —_— .
(maxlaj| = [X) < Xp( Sy2tr((X T X)?) log(S) Py 10g(9)

Hence, we have

n2Sy4tr((X " X /n)2) log(S) )
e [ma a11X] = 0(\/ > )+ 0y 10g(s)
=vVGO(,/10g(5)/S) + VGO (/plog(s)/S)

:Op(l)’

where
2¢2.,4 2
2yt tr(S
G5y r(Xy) " Tp _
p? tr(X " X/n)

0,(1).
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Then for the second term in (13), we have

ct 5
=P <exp(—t7/Kz) + exp(—1/K3),
p< VEn[manej|aj||X]> p(—1"/K2) +exp(—1/K2)

with K2 = 0,(1). In sum, from (13), we get

P(IR|>1]X) <2 ( ct? >+2 < “ )
> <2exp|— exp| —
VZEH[Zjejajz'lX] YEz[max er|a;||X]

<4exp(—12/K3) + dexp(—t/K3),
where K3 = max (K, K3) =0,(1). Then we get

1+¢ o0
Ex[exp(R)|X] 5/0 P(exp(IR]) > t|X) dt +/1+ P(IR| > log(?)|X) dt

<l+4+e+ 4]1:0 [exp(—log(t)z/K3) + exp(—log(r)/K3)]dt

=1+e+0,(1),
for any ¢ > 0. Since the inequality holds for any ¢ > 0, we have
Ex[exp(R)|X] < 1+40p(1).
In sum, we get that
E(W(X, y)?) = E[Ex[exp(R)|X]] < 1 + o(1),

which completes the proof of the first part of Theorem 2.

For the second part of Theorem 2, note that Theorem 1 already shows that the proposed
test statistic 7,, has a standard normal distribution asymptotically under the null, thus we
only need to show that the proposed test statistic goes to infinity in probability under the
alternative to establish the asymptotic powerfulness of the proposed test in the second part
of the theorem. Recall that our proposed test statistic 7;, is defined in (5). We assume that
wx = 0 without loss of generality. From the derivation of E(W,,) in Section 2.3.1, we have

Ex[E(W,|8)] = Ex[|EzIB) ] + knEx [|e "E(zIB)[*]
= E,[IZxB1*] + Ex [l =xB|*]

Sy2 Sy2
= " tr(Z}) + kn—— | Sxet|?,
P P

where E; is the expectation regarding the prior 7 on the alternatives, and E(-|8) is the con-
ditional expectation given f. From the derivation of Var(W,,) in Section 2.3.1, we have

1 1
Var(W, 1) = 05 ) Var(War218) + 0 ) CovWaz, W)
where Var(-|8) is the conditional variance given S, that is, Var(T|B8) = E(T2|ﬂ) — E(T|/9)2

for any statistic 7', W;; = zl-sz + ke Tz;z T a. Note that we use a = O (b) to mean that a/b
is bounded as n and p go to infinity, and the bound does not depend on n or p. We have that

Var(Wy1218) = O(tr(Cov(z|B)?)) + O(E(z|B) " Cov(z|B)E(z|B))
+ K20 ((«" CovizIB)a)?) + k20 (a" Cov(zlB)e(e E(zIB))?)
= 0(ir(Cov(z|B)?)) + &, O((a" Cov(zlB)e)’) + O([E(zIB)[*).
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Furthermore, from Assumptions Al and A2, we get
Var(W,1218)
= 0((BT=28)* + 1(3%)) + 0(2) (" =xB)* + (" =xa)?) + O(|E@IB)|*)
= O(E(W,|B)* + tr(3))-
For Cov(W,12, Wy1318), we have
Cov(Wyi2, Wui3|B)
= Cov(z] 22. 2] 231B) + 2k, Cov(z{ 22, &' z12] |B)
+ k2 Cov(a 21z, o, & ' z12] )
=E(z|8) " Cov(z|B)E(z|B) + 2k:E(z|B) " Cov(z|B)aa "E(z|B)
+ k2T Cov(z|B)a(a TE(z|B))
= O(E(zIB)" CovzIB)E(zIB)) + O(kp)ar" Cov(z|B)a (e E(z]B))’.
We further have
Cov(Wy12, Wui3|B)

= 0(BT2x(=xBB  Tx + 2x)=xB) + k20 (o' =xB) ) (ExBBT Tx + Ty et

= 0((B"=}B)" +BTZXB) + O(ky) (@ =xB)* (¢ =xB)’ + ' xa)

= O(E(W,|B)*) + O(BT =3 B).
For 8 TZ% B, we have that

Ts3 1 E 2 3y E 2 2 : l 2
Ex[87 2] = v u(}) _o(n(py w(z})) ) +0(; u(z})
1
= 0(nE-[E(W4|8)%]) + 0(; tr(2§)).
Note that we use a = o(b) to mean that a/b goes to zero as n and p go to infinity. In sum,
Ex [Var(W, 8)] = 0 ) B[OV, 18] + Ex[8TZ38) + 0 ) w(z3)

= 0(Ex[E(W4|8)?]) + O (niz tr(2§)>.

Since 2/ y02 — oo as n and p go to infinity in the second part of Theorem 2, we know that

E-[E(mnW,|B)]
VEz[Var(nW,|B)]
which means that under the alternative prior 7, we have nW, ~ E;[E(nW,|B8)] as n and p
go to infinity, where x ~ y means that x and y are of the same order asymptotically. Recall
the definition of tr(/Q\Z):

’

—_— 2

r(92) = tr(T2) + 2knot " Z2e + k2 (a T S z00)?,
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where 3 z is the sample covariance of z and EZ is as defined in (6). Then we have that
tr(22) = 0, (tr(Cov(z])?)) + O (ke Cov(z|B) e + 0, (k2) (e Cov(z|)ar)?
= 0,((B"E%B)") + 0p(t(23)) + Op (k) (" (Ex BB Ex + Zx)er)’
= 0,(E(Wa|B)?) + 0,(tr(Z3)).

Note that we use a = O, (b) to mean that a/b is bounded in probability as n and p go to
infinity, and the bound does not depend on n or p. Under the prior of the alternative, we have

26(22) = 0, (Ex [EWaIB)]) + Op (/ir(53).
_nW,

2tr($22)
which completes the proof of Theorem 2.

In sum, we get that 7, = goes to infinity in probability as n and p go to infinity,

3. Numerical studies. In this section, we examine the finite sample performance of the
proposed test and illustrate the proposed procedure via an empirical analysis of a breast can-
cer data set provided from Prat et al. (2014). In our numerical study, we compare the proposed
test to the ones put forward by Zhong and Chen (2011) and Cui, Guo and Zhong (2018),
which are labelled as ZC and CGZ throughout this section, respectively.

3.1. Practical implementation issue with the estimation of tr(Q%). In Section 2, we pro-
posed an estimator of tr(22) as follows:

tr/(_Q?) = tr(glg) + 2knaT§g(x + kﬁ(anlza)Z.

Direct calculation of 22 based on (6) may lead to a very expensive computational cost

with computational complex1ty 0 n? p4) Similarly, the computational complexity of Sz is
O (np?). Furthermore, both zlz and X are p X p matrices, and therefore direct calculation
based on (6) requires an extremely large amount of memory for large p.

To address the computational issues, it is of interest to derive an effective way to calculate
the estimate of tr($22). It is noteworthy that we need to obtain the scalar values of tr(E ),

TE%a, and o " ¥z« instead of calculating and saving the large dimensional matrices. This

observation helps us to derive an equivalent but easy-to-compute formula for tr(E%) as fol-
lows:
n

oy ] ( 1 ) T2 1 T_\2
tr(EZ)_n(n—l) 1 n—1) %:(Zi zj) nn—1) i:zl(Zi zi)

2

n Zl14 +
m”zﬂz I)ZZZ z)",

(14)

where Z =n~! > .71 2;. This significantly reduces the computational cost to the order of
O (n?p), and avoids storing the p x p matrices. Similarly, define v; = & " z;z;, and it follows
that

2
2

T no_y_ ToT -
o Xoo= vy — v; 7nozzz—nv
z n—1 n(n — 1) Z —1))? ”
and

A 1 & _
o Y= —— ZHth(Zi —2) ||§
n—1 i
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Using these equivalent formulas, we can significantly reduce the computational cost for cal-
culating tr(22).

3.2. Monte Carlo simulation study. In our simulation study, we generate data from
y=x'B+e,

where x; follows either a multivariate normal N(0, X) or ({4/ 6}1/2)t(0, =) distribution.
Note that t,(u, X) represents a multivariate ¢-distribution with v degrees of freedom, mean
I, and covariance structure ﬁ Y. We consider autoregressive (AR) structures for ¥ = (0;;)

with 0;; = p"=J!_ In our simulations, we set p = 0.25, 0.5 or 0.75. Due to page limits, we
have included the simulation results where X satisfies the block compound structure (BCS)
in Section S.2.

The error terms ¢ were each drawn from either a standard normal distribution N(0, 1) or
(4/6)'/2t(6), where t(6) is the univariate 7-distribution with 6 degrees of freedom. For the
purposes of our hypothesis testing scenarios, we set 8 =0.

In our simulation, we set (n, p) = (200, 300), (400, 600) and (800, 1200). We set k, =
(p/ ln(p))l/z, anda=(1,..., I)T/ﬁ. We will study the performance of the proposed test
with different values of k, and different choices of « later.

We first examine whether the proposed test can retain an adequate type I error rate and
the performance of the proposed test under local alternatives. To make simulation settings
challenging to testing procedures included in this comparison, we set 8 as follows: Only
25% of the p elements in B are nonzero and the nonzero elements are randomly located
within the coefficient vector. We consider two cases for setting values of nonzero elements in

B.

Case 1. Fixed signals: all nonzero elements equal §/4/n,
Case 2. Random signals: Nonzero elements are set to be U (0, 1)§/4/n.

The cases with 6 = 0 are used to examine the type I error rate and the other values are used
for local power. We examined type I error rates and local power performance based on 1000
replications for each combination involving the sample size n, dimension p, ¥ with different
p’s, errors drawn from both the standard normal and (4/6) 1/2¢(6) distributions, and fixed and
random signal cases. Simulation results are summarized in Tables 1-3 for x ~ N (0, X) and
Tables S.1-S.3 for x ~ (4/6)!/?t¢(0, ). Throughout this paper, the proposed test is labelled
as New when shown against comparison methods.

Across Tables 1-3 and Tables S.1-S.3, it can be seen that all methods control Type I error
rate well. Tables 1-3 and Tables S.1-S.3 imply that the newly proposed test has higher power
than the ZC and CGZ tests. The ZC and CGZ tests perform similarly.

From these tables, we can see that the distributions from which x and ¢ are generated
seem to have little impact on the empirical power of the proposed test and ZC and CGZ tests.
Across the different simulation scenarios presented in these tables, the empirical power in-
creases as n and p increase proportionally while other conditions (signal strength, p, &; and
x; generation) are held constant. Indeed, for all such other conditions being held constant,
the relative § value necessary to achieve empirical power values close to 1 decreases as n
increases from 200 to 800. We can also see an increase in the power as p increases from 0.25
to 0.75. Since under the local alternative the asymptotic power of our proposed test relies
on Xx(B — B) and its Euclidean norm, such an increase is to be expected. Indeed, we an-
ticipate the new method being more powerful for data generated from a stronger covariance
structure. Similar performance can be seen from both Zhong and Chen (2011) and Cui, Guo
and Zhong (2018), consistent with the asymptotic power of those tests. As seen in the simu-
lation results from the tables, the proposed test would perform better than ZC and CGZ tests
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TABLE 1
Type I error rate and power with x; ~ N(0, ¥) and p =0.25

& ~N(0,1) & ~ (4/6)1/21(6)
(n, p) 8 New ZC CGZ New ZC CGZ
Case 1: Fixed Signals
(200, 300) 0 0.065 0.053 0.057 0.048 0.039 0.041
0.27 0.225 0.061 0.068 0.239 0.072 0.083
0.53 0.735 0.2 0.206 0.761 0.207 0.212
0.8 0.973 0.554 0.564 0.971 0.561 0.557
1.06 0.998 0.865 0.87 1 0.863 0.864
(400, 600) 0 0.044 0.057 0.061 0.047 0.057 0.058
0.25 0.356 0.093 0.096 0.382 0.067 0.067
0.5 0.935 0.294 0.299 0.949 0.305 0.312
0.75 0.998 0.75 0.753 1 0.751 0.755
1 1 0.979 0.979 1 0.972 0.975
(800, 1200) 0 0.051 0.05 0.05 0.045 0.045 0.044
0.25 0.65 0.086 0.088 0.641 0.092 0.091
0.49 0.997 0.504 0.508 1 0.504 0.51
0.74 1 0.955 0.955 1 0.955 0.953
0.99 1 1 1 1 1 1
Case 2: Random Signals
(200, 300) 0 0.059 0.051 0.053 0.046 0.046 0.046
0.71 0.426 0.125 0.125 0.417 0.109 0.114
1.41 0.952 0.54 0.55 0.928 0.534 0.534
2.12 0.999 0.91 0.916 0.997 0.911 0.912
2.83 1 0.993 0.993 1 0.991 0.994
(400, 600) 0 0.046 0.054 0.057 0.047 0.049 0.048
0.5 0.371 0.089 0.09 0.424 0.086 0.086
1 0.957 0.411 0.414 0.946 0.399 0.408
1.5 1 0.863 0.866 1 0.873 0.875
2 1 0.992 0.992 1 0.991 0.992
(800, 1200) 0 0.045 0.054 0.054 0.053 0.053 0.052
0.35 0.375 0.063 0.068 0.348 0.064 0.065
0.71 0.952 0.274 0.276 0.941 0.279 0.277
1.06 1 0.741 0.746 1 0.731 0.729
1.41 1 0.977 0.978 1 0.976 0.977

across different methods of generating x; (both from a multivariate normal and a multivariate
t), different assumed distributions for the ¢ terms (normal or t-distribution), the covariance
matrix structures with p!/=J! for p at different sizes from 0.25 to 0.75, as well as for signal
strengths for 8.

We next examine the performance of the proposed tests with different choices of «, differ-
ent values of k, and different sparsity under local alternatives. To this end, we let n = 400,
x; ~ N(0, X) with (i, j)-element of X being (0.50/i=71), ¢ ~ N (0, 1). We consider the fol-
lowing cases.

Case C1: The default parameters used in Tables 1-3 and Tables S.1-S.3. That is, ¢ =
{,..., l)T/f, k, = (p/ ln(p))l/2 and 25% of elements of the 8 are nonzero and equal
8/+/n under the local alternative.

Case C2: We set & to be a uniformly distributed random direction with ||e|| = 1, set k,, =
(p/In(p))/? and 25% of elements of the B are nonzero and equal §/./n under the local
alternative.
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TABLE 2
Type I error rate and power with x; ~N(0, X) and p =0.5

g ~N(0,1) & ~ (4/6)1/2((6)
(n, p) 8 New ZC CGZ New ZC CGZ
Case 1: Fixed Signals

(200, 300) 0 0.06 0.057 0.062 0.046 0.043 0.042

0.13 0.137 0.06 0.065 0.151 0.046 0.05
0.27 0.44 0.106 0.114 0.486 0.098 0.102
0.4 0.773 0.233 0.239 0.813 0.241 0.244
0.53 0.951 0.496 0.503 0.952 0.493 0.502
(400, 600) 0 0.047 0.045 0.049 0.046 0.054 0.052
0.12 0.195 0.056 0.065 0.221 0.063 0.064

0.25 0.673 0.132 0.136 0.68 0.121 0.12
0.38 0.952 0.323 0.324 0.967 0.351 0.357
0.5 0.997 0.653 0.656 0.998 0.662 0.665
(800, 1200) 0 0.044 0.049 0.047 0.054 0.055 0.059
0.12 0.388 0.069 0.067 0.386 0.064 0.066
0.25 0.938 0.207 0.209 0.923 0.185 0.186
0.37 0.997 0.551 0.555 1 0.551 0.552
0.49 1 0.898 0.9 1 0.892 0.897

Case 2: Random Signals

(200, 300) 0 0.064 0.049 0.054 0.046 0.043 0.043
0.35 0.24 0.076 0.081 0.23 0.063 0.068
0.71 0.701 0.232 0.241 0.717 0.225 0.231
1.06 0.961 0.555 0.56 0.943 0.562 0.565
1.41 0.999 0.859 0.864 0.994 0.848 0.848
(400, 600) 0 0.054 0.057 0.058 0.045 0.049 0.049
0.25 0.202 0.061 0.066 0.234 0.054 0.057
0.5 0.663 0.168 0.167 0.688 0.142 0.143
0.75 0.961 0.416 0.417 0.957 0.418 0.421
1 0.999 0.741 0.749 0.999 0.747 0.747
(800, 1200) 0 0.04 0.05 0.05 0.051 0.035 0.038
0.12 0.105 0.05 0.052 0.124 0.04 0.042
0.25 0.379 0.054 0.061 0.362 0.069 0.066
0.37 0.747 0.117 0.117 0.708 0.111 0.111
0.49 0.947 0.222 0.222 0.936 0.227 0.234

Case C3: We set &k, = (1/2)(p1n(p))1/2, a=(1,..., l)T/ﬁ and 25% of elements of
the B are nonzero and equal §/+/n under the local alternative.

Case C4: We set ky, =2(pIn(p)'/?, @ = (1,..., 1)/ /p and 25% of elements of the B
are nonzero and equal §/,/n under the local alternative.

Case C5: We set one-tenth of elements in B to be nonzero and equal §/+/n, and set & =
(1,....,1)T//p and k, = (p/In(p))'/2.

Case C6: We set one-third of elements in B to be nonzero and equal §/+/n, and set & =

(1,....,D"/ /P and k, = (p/In(p))'/2.

Case C1 can be viewed as the reference case for the rest of this section. Case C2 is designed
to examine whether the proposed test is sensitive to the choice of «. Cases C3 and C4 are
designed to investigate the robustness of the proposed test to k,. Cases C5 and C6 are used
to examine the performance of the proposed test under different sparsity levels in f under
the local alternative. Simulation results are summarized in Table 4, from which we can see
that the proposed test controls the Type I error rate well for all cases. Comparing Cases C1
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TABLE 3
Type I error rate and power with x; ~ N(0, ¥) and p =0.75

& ~N(0,1) & ~ (4/6)1/21(6)
(n, p) 8 New ZC CGZ New ZC CGZ
Case 1: Fixed Signals
(200, 300) 0 0.057 0.05 0.052 0.052 0.039 0.044
0.13 0.289 0.092 0.094 0.318 0.09 0.087
0.27 0.811 0.35 0.357 0.839 0.37 0.369
0.4 0.985 0.771 0.776 0.981 0.796 0.797
0.53 0.999 0.961 0.963 1 0.966 0.962
(400, 600) 0 0.049 0.048 0.049 0.035 0.048 0.054
0.12 0.465 0.099 0.103 0.484 0.108 0.111
0.25 0.968 0.467 0.474 0.979 0.485 0.481
0.38 1 0.911 0.915 1 0.921 0.923
0.5 1 0.998 0.998 1 0.996 0.996
(800, 1200) 0 0.049 0.047 0.05 0.05 0.056 0.059
0.12 0.776 0.161 0.161 0.783 0.133 0.132
0.25 0.999 0.727 0.727 1 0.716 0.72
0.37 1 0.993 0.994 1 0.992 0.992
0.49 1 1 1 1 1 1
Case 2: Random Signals
(200, 300) 0 0.054 0.051 0.051 0.043 0.033 0.038
0.18 0.166 0.066 0.068 0.159 0.049 0.047
0.35 0.488 0.168 0.17 0.506 0.148 0.153
0.53 0.831 0.389 0.395 0.823 0.383 0.389
0.71 0.973 0.684 0.683 0.958 0.673 0.681
(400, 600) 0 0.049 0.05 0.056 0.053 0.046 0.048
0.12 0.15 0.059 0.061 0.166 0.059 0.062
0.25 0.449 0.117 0.118 0.506 0.118 0.113
0.38 0.807 0.247 0.256 0.825 0.277 0.277
0.5 0.972 0.521 0.517 0.968 0.53 0.537
(800, 1200) 0 0.04 0.056 0.057 0.048 0.043 0.043
0.12 0.251 0.06 0.063 0.249 0.068 0.068
0.25 0.793 0.155 0.153 0.762 0.161 0.164
0.37 0.984 0.413 0.414 0.98 0.399 0.401
0.49 1 0.782 0.784 1 0.752 0.756

and C2, Table 4 implies that the uniform random direction is less powerful than the default
one. Comparing Cases C1, C3, and C4, we can see from Table 4 that the differences in power
for the three different k;,, methods are moderate. This implies that the performance of the

TABLE 4
The empirical power of T,, with different a, k;, and sparsity of signals

8 Cl C2 C3 C4 C5 Co6

0 0.047 0.038 0.055 0.055 0.047 0.047
0.125 0.195 0.055 0.233 0.246 0.067 0.328
0.250 0.673 0.140 0.734 0.737 0.128 0.888
0.375 0.952 0.337 0.970 0.967 0.299 0.997

0.500 0.997 0.653 0.999 0.998 0.491 1.000
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TABLE 5
Summary of Significant(S) and nonsignificant(NS) results for GO groupings regressed against 204531 _s_at
expression at significance level 0.05

No Yes
Bonferroni correction New (S) New (NS) New (S) New (NS)
ZC (S) 5 9 0 0
ZC (NS) 5 118 2 135

proposed test is robust to different values of k,. Comparing Cases C1, C5, and C6, we see
that the proposed test has the highest power in Case C6, and has the lowest power in Case
C5. This is expected since the signals in Case C6 are the strongest, while the signals in Case
C5 are the weakest.

3.3. Real data analysis. In this section, we demonstrate the proposed methodology via
an application to the transNOAH breast cancer trial (GEO series GSE50948), which can be
found at http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE50948 (Prat et al. (2014)).
The data consists of genome-wide gene expression profiling from biopsies from 114 pre-
treated patients with HER?2 positive tumors, along with 42 patients with HER2-negative tu-
mors as a control cohort. From this data, we used the two Affymetrix Probe Set IDs associated
with BRCA1, 204531_s_at and 211851_x_at, as our two response variables, while grouping
the remaining Probe Set IDs by Gene Ontology (GO) Molecular Function IDs to provide a
robust 137 sets of predictors for testing. Since this paper focuses on high-dimensional regres-
sion problems, only GO IDs with more than 158 Probe Set IDs were used in this empirical
analysis. Our goal here is to determine if, for any of these covariates, the coefficients in the
vector B = {1, ..., Bp} are significantly different than zero, and thus intend to test

(15) Hy:B=0 versus H;:B#0.

To construct the test statistic 7;,, we first create the necessary score equation vectors z =
x—x){@—y—(x-— )E)Tﬂo} = xy under the null hypothesis. As in our simulation study
in the previous section, we seta = 1,/,/p and k, = (p/In p)'/2. For 211851_x_at, both our
method and Zhong and Chen found statistical significance for all sets of predictors, and thus
the results are excluded here. For 204531 _s_at, Table 5 provides the number of predictor sets
on which the new method and ZC test agreed and disagreed. Specific test statistics results for
each GO set can be found in Table S.8 in the Supplementary Material (Zhao et al. (2024)).
The new method identifies as significant two GO groups with Bonferroni correction, while
the ZC method fails to detect these two GO groups.

4. Concluding remarks. Testing on high-dimensional regression coefficients in linear
models plays an important role in the analysis of high-dimensional data. In this paper, we
develop a new procedure for testing high-dimensional regression coefficients. We further
establish the asymptotic normality of the proposed test statistic. Our simulation study implies
that the limiting null distribution can be directly used for calculating the critical value of the
proposed test. Our numerical comparison demonstrates that the proposed test outperforms
the existing ones in terms of power.

APPENDIX: PROOFS OF LEMMAS 2.1 AND 2.2

PROOF OF LEMMA 2.1. Note that the left-hand side in (10) is invariant under an orthog-
onal transformation on the regression coefficient vector and x in the sense that g, = O,
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Bosx = OBy and x;,. = QOx;, which implies that cov(x;,) = QX x Q. Thus, without loss of
generality, assume that Xy is a diagonal matrix, and denote Xy = diag(alz, cee 03).

Let Sy, p =n(nllzg 1% — tr(Sz,)), we have

P n 2 )4 n
2 2 2v2
Sup= 30 (z x) o (z x)
k=1 \i=l k=1 \i=l

where p is the number of covariates in X which grows with n.

We want to establish the asymptotic normality of S, , using the central limit theorem
(CLT) for martingales. We divide our proof into three steps. Step 1 shows that {S, ,,n > 1}
is a zero-mean square-integrable martingale with filtration F,,, where JF,, is the o-field gen-
erated by the random variables ¢;,i =1,2,...,n,and Xgjr, i =1,2,...,n,k=1,2,...,p
Steps 2 and 3 check the conditions of the CLT for S, ;. Namely, Step 2 shows the variance
of Sy, p, s,%, to be

p
52 =2n(n — l)tr(E%ﬁ) =2n(n — ot Za,f,
k=1

and that & 2 =1, where d2 is the quadratic variation which is defined as d2 =1 1 EW(Si,,—

Si—1 p) |]:l 1)- Step 3 checks Lyapunov’s condition for S, ,

l n
szw ZIE((S,"[, — S,'_l’p)z_‘_s) -0
n i=

as n — oo for § = 2.
Step 1: We have F; C F; fori < j, and

E(Sn,p - n—l,p|fn—1) = E(Un|fn—l)’

where

p n 2 -1 2 p
= Zokz|:(Z€iX0ik> — (Z EiXOik> :| _Eyzzzakzx(%nk'
k=1 i=1 i=1 k=1

Furthermore, we have

)4 n 2 n—1 2
E(Uu|Fn-1) =E (ZG |:<Z€iXOik> —<Z€iX0ik) ]’ﬂ—l)
k=1 =1 i=1

-Fn 1)

n—1
E(Z o |:€2X0nk + 2€nX0nk<Z GlX(),k):| ’,7:,, 1)

k=1 i=1
]:n 1)

)4
£ 1) (eg S o2x2, ]-",,_1>
k=1

2 2
E( ZUk XGk

2 2
E( ZUk XGuk

p
2
E(Z UkG Xonk

k=1
=0.
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Moreover, since €; and Xo;; have bounded fourth order moments, S, ,, is a square-integrable
martingale with respect to the o-field 7.
Step 2: We first calculate the variance of S, . Since s% = Var($,, ,) = E(Snz’ p), we have

p n 2 n 2
=ZUI?E|:<Z€iX0ik> —ZeizX%ik:| +2 Z akzlokzzE(tnklkz),

k=1 i=l 1<kj<ky<p

where

n 2 n n 2 n
2v2 2v2
bty = [(ze,-x%) Sy xo,.k,][(ze,-xo,-kz) o xo,.kz},
i=1 i=1 i=1 i=1
and we have

E(tl’lklkz) = E[E(tl’lklk2|él’ l = 15 2’ LR n)] = O'

Hence,

n 2 2 p 2
[(ZfiXOik> —Ze?XS,-k} :ZUI?E[z Z €i1€i2X0i1kX0i2k:|
i=1

k=1 1<ii<ir<n

i=3ote
- ¢ 4 4
Z { Y Ele € X5 X } =Y 2n(n— oo™
k=1 1<ii<iz<n k=1

Ford? =" B((S;.p — Si—1.p)*|Fi—1), we have

n n
=Y E((Sip — Si—1.p)*1Fi-1) = D_E(U|Fiz1).
i=1 i=1

As a result, we have that

E(U2|Foo1) = 4E<|:Zak (anx()nk(rlzlelxo,k>>]2|fn_l)

k=1 i=1

To establish the condition for the central limit theorem for the martingale S, ,, we need to
Var(d>)

E®2? 0. It is easy to have

2 2
check that % £ 1. To show % LS 1, we only need to show

(Ed?)* (Z%) ~n*?(2%),

where m ~ n means that m and n are of the same order asymptotically. For Var(d,% ), we have

Var(d?) = Var(Xn:E(Uizlfil)) = O(n®) Var(E(U2| F—1))
i=l
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Agtw(((G ) )

P n—1 2 n—1 2
+ O(nz) ZU]?G;} COV((Z EiXOik> , (Z GiXoij) )
i=1 i=1

k<j

Furthermore, we have

(S e -

Also, for 1 <k < j < p, we have

n—1 2 n—1 2
0V<(Z€iX0ik) ,<Z€iX0ij) )
i=1 i=1

n—1 n—1
—COV(ZG Xo;k +226,X0lkemXOmk, Ze Xou +226,X0lkemXOmj>

i=1 i<m i=1 i<m

n—1
= Z Cov (€7 Xgix eizx(%ij) =0(m).
i=1

In sum, we have that

Var(d2) = 0<n4fo,§> N o( (Z ,?) ) ' u(z4) + 03 (23))

k=1
= o((Ed?)?).

2
Thus, we have shown that % L 1, which finishes the proof of Step 2.

Step 3: In this step, we check Lyapunov’s condition for S, ,. We want to show that
SZ% > L E((Sip — Si—1.p)*%) — 0 as n — oo for § = 2. We have

S4ZE (Slp_ i— lp) 4ZS11,

ni=1 nll

where S;; is denoted as S,;1 below for ease of notation, and

p n—1 4
Sn1 = 16E<[Z GkZSnXonk{ZSiXOikH )

We want to show that Y 7| S; _o(s ). For S, 1, we have that
P n— 4
16E<|:ZU]<28nX0nk{ZgiX0ik]i| )
= 16E (Z UEXOnk|:Z SZXOlk:| )
—|—16E( (620’]?X0nk|:281X01k:| o; XOnj |:28,X0Ui| )

k#j i=1 i=1
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n—1

- 16E() 3 el (ZE ]+ 6 3 LR JEL 6L

i#j

n—1
+ 96E(e |:Zoka (ZE +(n—1)(n—2)04+4204>:|.

k#j i=1 i#h
Furthermore, since the fourth-order moments of ¢; and X;; are bounded, we get that

S=o((za)) ( (Zak)) (P u(md) + 02w (53).

Then we have > | i1 = o(sn), which completes the proof of Lemma 2.1. [
PROOF OF LEMMA 2.2. For the first term nW,, in the numerator, we have
nW, = nb? — n(b> — b2) — tr()),

where by, = {[|Z]|* + knloT 21?1172, by = {112, I + knleT Z,|*}1/%, and || - || is the Euclidean
L» norm. Furthermore, under the local alternative hypothesis (7), we have that

162 — 52| < 121> = 126 I1?] + kn (0T 2 |” + [T 2[)
= —2p) | @ +Zp)| +0p(ytr(ZF) /)
< | —Zp) T (B +E@p))| + 0, (12 = Zgol) + 0 (/tr(T3) /)

— 0p(1Z = 240 ) + 0p (/1r(Z3) /).

where the last equality is from [[E(z) + E(zg,) |l = O)p (n=1/ 2).Em the definition of z and
2B, We get

Z-2p =G —u)E—pux) (B~ Bo)+ (mx — %)E,
and
IZ = Zpyll < [ — ) E = rx)T (B = Bo)| + [(x — B)E] = 0, (ue(E%)/n).
Hence, n(E,% — b,%) =0p( tr(Zi)). Additionally, we have
nW, = nb: —tr(Q1) + 0, (/tr(2%)).
We also have
nWyy —n(|18:11> + kn|a” 8. %) = nb? — n(18. 1 + kn|a” 8. %) — tr(Q1) + 0, (y/ tr(£2)).
For nb? — n(||8, 1> + ka|a”8,|%), we have
nb? — n(|I8.1> + ku e’ 8|
=n(|ZgI* + knla Z gy |*) — n(118:1% + kn |7 8.
=n(I1Zpy — 81 + knla” Zgy — 8)7) +20{@py — 8) 78, + knet | (Zp, — 8.)8] ).

The second term 2n{(zg, — 8§78, + knaT(ZﬁO - 81)8205} is of order o ( tr(ng)). In fact,
we have

E((2n(py - 8)78.%) = 0, ()E[(25:)7] = 0, (n8] Bx82) = 0, (1r(Z3).
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and
E((2nk,a " (Zg, — 8.8, @)) = 0, (nk2(a'8,) e Txa) = 0, (r(£2)).
Hence, the second term is of order o ( tr(E%)). Furthermore, for the first term we have
n(I1Zg, — 8217 + knlee” zg, — 8|7
=n(IZp)1” + knle” 24]%) + n(Zp, — 2p — 8) T Zpy +2p — 82)
+ knnaT(Zﬁo —2p—08,)(zp, + 28 — 5z)T0l
= n(IZp 11> + knla 25 [) + 0p (/tr(Z5)).

The last equality holds because ||z, —zg — 8.l = OP(n_IEd lzg, +2zp — ;1 = CE)
In sum, we have that
nWy —n([18:11* + kalo” 8:1%)
{2tr(Q2)}1/2

Cn(Zg)? + kaleTZg?) — () | 0p(/r(Z%))

21?2 Q@)
a1zl + ka2l — (@)
= () 2 +op(D).

Let T, = n(IlZ,gll2 + knlaTZﬂlz) — tr(€21). Similar to Step 2 in the proof of Lemma 2.1,
we can show that E(7},;) = 0 and Var(7,;) = 2”n;1 tr(€22). T,1 can be further decomposed
as Ty = Tna + Ty3 — Tua, where T = n||Zg)|* — tr(Sz,), T3 = nknla” Zp|*, and Tpq =

knoeTSzﬁoc. From Lemma 2.1, we know that — L —d> N(0, 1). Since T,,3 and T,4 are
J204 (%)

both nonnegative, and it is easy to verify that E(7;,3) = E(T,4) = 0( tr(Ei)), both 7;,3 and
T4 are of order 0, ( tr(E%)). Hence, we have
T Tn2 T3 — Tha

- 4 N, 1).
J2otu(E)) 2ot} 20t u(E))

Furthermore, we have

tr(Q) = ot tr(23) + 2k0ta | Sra + k2ot (@ Txa) =0t tr(23) + o(tr(£3)).

o 42
Hence, V22 "%

/2t (%)

—> 1 in probability. In sum, we have that

2
T, V204t (E5) T a NGO

V21r(€2) - 21r(2) \/204 tr(ng)

which completes the proof of Lemma 2.2. [
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(DOI: 10.1214/24-A0S2420SUPP; .pdf). The supplement contains additional numerical re-
sults.
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