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This paper is concerned with statistical inference for regression coef-
ficients in high-dimensional linear regression models. We propose a new
method for testing the coefficient vector of the high-dimensional linear mod-
els, and establish the asymptotic normality of our proposed test statistic with
the aid of the martingale central limit theorem. We derive the asymptotical
relative efficiency (ARE) of the proposed test with respect to the test pro-
posed in Zhong and Chen (J. Amer. Statist. Assoc. 106 (2011) 260–274), and
show that the ARE is always greater or equal to one under the local alternative
studied in this paper. Our numerical studies imply that the proposed test with
critical values derived from its asymptotical normal distribution may retain
Type I error rate very well. Our numerical comparison demonstrates the pro-
posed test performs better than existing ones in terms of powers. We further
illustrate our proposed method with a real data example.

1. Introduction. Hypothesis testing in high-dimensional data is an important problem,
with applications ranging from genomics to finance, as illustrated by Chen et al. (2011) and
Chudik, Kapetanios and Pesaran (2018). This paper aims to develop a new approach to-
wards conducting hypothesis testing on the entire coefficient vector in the setting of high-
dimensional linear regression models where the dimension size p of the coefficient vector
may be larger than the sample size of observations n.

Traditional low-dimensional approaches such as the F -test for regression coefficient test-
ing are unable to be used for inference in a high-dimensional setting due to insufficient de-
grees of freedom. Hence, new approaches are needed for the problem of high-dimensional
hypothesis testing of regression coefficients. To this end, most existing methods treated hy-
pothesis testing on the high-dimensional regression coefficient vector β as a large scale mul-
tiple hypothesis test, notably Liu and Luo (2014) in the one-sample case and Xia, Cai and
Cai (2018) in the two-sample case. There are only a few existing proposals for tests for lin-
ear regression coefficients in the high-dimensional setting. Goeman, van de Geer and van
Houwelingen (2006) introduced a global test for multiple coefficients constructed as a score
test on the hyperparameter of an empirical Bayesian model, specifically on the variance of
the distribution where the coefficients are assumed to be from. Zhong and Chen (2011) pro-
posed a U -statistic for tests on high-dimensional regression coefficients that also works with
factorial designs. Lan, Wang and Tsai (2014) proposed a new testing procedure for a set of
regression coefficients by using the partial covariances between the response variable and
the tested covariates. Cui, Guo and Zhong (2018) developed a testing procedure for high-
dimensional regression coefficients by constructing a U -statistic of order two and proposed
to use refitted cross-validation (RCV) for estimating the error variance σ 2.

In this paper, we propose to formulate the high-dimensional regression coefficient testing
problem as an equivalent high-dimensional one-sample mean testing problem using the score
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function. With the aid of this formulation, one can directly construct a high-dimensional
regression coefficient testing procedure by utilizing existing high-dimensional mean tests
such as Bai and Saranadasa (1996) and Chen and Qin (2010). To improve on the power of
existing testing procedures, we propose a new test statistic based on the test of Chen and
Qin (2010) for the score function mean with an additional power-enhancement term, which
utilizes the correlations among the predictors to improve power. We establish the asymptotic
normality of the proposed test statistic with the aid of the martingale central limit theorem. We
further show the superior asymptotic relative efficiency of our proposed test with respect to
some of the existing ones by incorporating the power-enhancement term. We conduct Monte
Carlo simulations to examine Type I error rates. Our numerical results demonstrate that the
asymptotic normal distribution approximates the distribution of the proposed test reasonably
well, and its percentiles can serve as the critical values of the proposed test. We also conduct
Monte Carlo simulations to compare the performance of the newly proposed test with existing
ones. Our numerical comparison shows that the newly proposed test outperforms the existing
ones in terms of power. We further illustrate the proposed test via an empirical analysis of a
breast cancer data set.

The remainder of this paper is organized as follows. In Section 2, we propose a new test
statistic for the linear regression coefficient testing problem based on the equivalent mean
vector testing problem, and establish the asymptotic normality of our test statistic under both
the null and the local alternative hypotheses. Section 3 provides numerical results from Monte
Carlo simulations and also a real data analysis. Some concluding remarks are given in Sec-
tion 4, and additional numerical results are given in the Supplementary Material (Zhao et al.
(2024)) of this paper.

2. Testing regression coefficients. Consider the following linear regression model:

(1) y = b0 + x�β + ε,

where y is the response, x is a p-dimensional random vector with mean μX and covariance
matrix �X , β is the regression coefficient vector, b0 is the intercept, and ε is the random error
independent from x with E(ε|x) = 0 and Var(ε|x) = σ 2.

2.1. A test with power enhancement. Suppose that {xi , yi}, i = 1, . . . , n, are independent
and identically distributed (i.i.d.) random samples from model (1). Of interest is to test the
hypothesis

(2) H0 : β = β0 versus H1 : β �= β0,

where β0 is known. To eliminate the intercept, we may center both x and y, and consider

y − μY = (x − μX)�β + ε,

where μX = E(x) and μY = E(y). Thus, the score equation for estimating β is
n∑

i=1

(xi − μX)
(
yi − μY − (xi − μX)�β

)= 0.

This motivates us to define zi = (xi − μX)(yi − μY − (xi − μX)�β0) for the purpose of
testing (2). Denote μ = E(zi ), which gives us

μ = E
{
(xi − μX)

(
(xi − μX)�(β − β0) + εi

)}= �X(β − β0).

Hence, for nonsingular �X , testing the hypothesis in (2) is equivalent to a one-sample mean
testing problem on the mean of the score function

(3) H0 : μ = 0 versus H1 : μ �= 0.
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Thus, we may apply one-sample mean tests for zi , i = 1, . . . , n, for testing on regression
coefficient vectors.

In practice, μX and μY are unknown. It is natural to use the sample means x̄ and ȳ to
estimate μX and μY , respectively. Thus, with a slight abuse of notation, we define

zi = (xi − x̄)
(
yi − ȳ − (xi − x̄)�β0

)
for the purpose of hypothesis testing (3). As shown in Section 2.3.1, the estimate errors due
to x̄ and ȳ are negligible.

While literature on testing high-dimensional regression coefficients is limited, there is a
much wider scope of work dedicated to mean vector testing in high-dimensional settings in
the last two decades. For an overview, see Huang et al. (2022), a recent review article on this
topic, and references therein. Furthermore, existing high-dimensional regression coefficient
tests such as Zhong and Chen (2011) and Cui, Guo and Zhong (2018) can be seen as exten-
sions of sum-of-squares high-dimensional mean testing approaches (e.g., Bai and Saranadasa
(1996) and Chen and Qin (2010)) to the regression coefficient testing setting.

For the one-sample mean testing problem (3), we define a statistic that we will use to
construct a test statistic Tn in (5) below

(4) Wn = 2

n(n − 1)

∑
i<j

[
z�
i zj + knα

�ziz
�
j α

]
,

where α is a p-dimensional vector with ‖α‖ = 1, and kn is a positive number. Conditions
on kn and α can be found in Theorem 1. We conduct some numerical comparison on the
different choices of kn and α in Section 3.2. The first term in Wn is a U -statistic, which
is similar to the test proposed for the two-sample high-dimensional mean problem in Chen
and Qin (2010) and the test for regression coefficients in high-dimensional linear models
in Cui, Guo and Zhong (2018). The second term in Wn is designed to enhance the power
of the test. The construction of the second term for power enhancement is partly motivated
by Cui et al. (2020), where power-enhancing artificial data points are used in the empirical
likelihood test for the one-sample large-dimensional mean problem in which it is assumed
that p/n → c ∈ [1,∞). It is noteworthy that the expectation of Wn is zero under the null
hypothesis when z is constructed using the true population means and the expectation is
asymptotically zero under the null hypothesis when z is constructed using the sample means.

To construct the test statistic based on Wn, we further need to derive its asymptotic vari-
ance. In Section 2.3.1, we show that under the null hypothesis and the conditions that x and
ε have finite fourth order moments,

Var(Wn) = σ 2
n ,

where

σ 2
n = 2

n2

[
tr
(
Cov(z)2)+ 2knα

� Cov(z)2α + k2
n

(
α� Cov(z)α

)2]
.

Note that if we define

� = �Z + kn�
1/2
Z αα��

1/2
Z ,

then σ 2
n = 2

n2 tr(�2). We further propose our test statistic Tn based on Wn as

(5) Tn = nWn√
2̂tr(�2)

,
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where ̂tr(�2) is defined as

̂tr
(
�2
)= tr

(
�̂2

Z

)+ 2knα
��̂2

Zα + k2
n

(
α��̂Zα

)2
,

�̂Z is the sample covariance of z, and

(6)

�̂2
Z = 1

n(n − 1)

∑
i �=j

(
ziz

�
j − 1

n(n − 1)

∑
i �=j

ziz
�
j

)2

= 1

n(n − 1)

∑
i �=j

(
ziz

�
j

)2 −
(

1

n(n − 1)

∑
i �=j

ziz
�
j

)2
.

The rationale in the derivation of these estimators is similar to that of the derivation of the
test statistic Wn. A similar estimation method has also been used by the asymptotic variance
estimators in Chen and Qin (2010). Additionally, Section 2.3.1 provides a more detailed

derivation, and shows that 2
n2
̂tr(�2) is a ratio consistent estimator for σ 2

n under the local
alternative hypothesis (7).

2.2. Limiting distributions and asymptotic relative efficiency. We next establish the
asymptotic normality of the test statistic Tn under the null and local alternative hypotheses.
We impose the following two assumptions to facilitate technical proofs.

A1. xi = μX + �x0i , where x0i , i = 1, . . . , n, are i.i.d. random vectors of length p with
elements having mean zero, variance one, and bounded fourth order moments, � = �

1/2
X ,

x0i = (x0i1, . . . , x0ip)� and E(x
lα1
0iα1

· · ·xlαs

0iαs
) = E(x

lα1
0iα1

) · · ·E(x
lαs

0iαs
) for 1 ≤ α1 < · · · < αs ≤

p and
∑s

i=1 lαi
≤ 4.

A2. εi , i = 1, . . . , n, are i.i.d. random variables with mean zero and variance σ 2, and
bounded fourth order moments.

Assumptions A1 and A2 are quite mild. Assumption A1 is similar to the independent com-
ponent assumption widely used in high-dimensional literature (Bai and Saranadasa (1996)).
Assumption A2 is a mild assumption on the distribution of the random error.

We further assume that the local alternative has the following form:

(7) Ha : β = β0 + n−1/2δu with |δ| ≤ C and ‖u‖ = 1,

where C is a nonnegative constant independent of p, and ‖ · ‖ is the Euclidean L2 norm.

THEOREM 1. Suppose that Assumptions A1 and A2 hold and that λmax(�X) =
o(

√
min(n,p)), where λmax(�X) is the largest eigenvalue of �X . Further assume that α

is a p-dimensional vector with ‖α‖ = 1, that knα
��Xα = o(

√
tr(�2

X)) and that kn = o(
√

p)

as n → ∞. Then:

(i) under the null hypothesis H0, Tn → N(0,1) in distribution as n → ∞;
(ii) under the local alternative hypothesis Ha in (7),

(8) Tn − n‖δz‖2 + nkn|αT δz|2
{2 tr(�2)}1/2

d→ N(0,1) as n → ∞,

where δz = �X(β − β0), and ‖ · ‖ is the Euclidean L2 norm.

Theorem 1 establishes the asymptotic distribution of Tn under the null hypothesis and the
local alternative (7). The proof of Theorem 1 is given in Section 2.3.
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From Theorem 1, the test with the rejection region {Tn > za} has asymptotic size a, where
za is the right a quantile of the standard normal distribution. Furthermore, we can obtain that
the asymptotic power of the proposed test of size a under the local assumption (7) is

(9) β(δz) = �

(
−za + n‖δz‖2 + nkn|αT δz|2

{2 tr(�2)}1/2

)
,

where �(·) is the cumulative distribution function of the standard normal distribution. Com-
paring the asymptotic power expression (9) with βZC(δz) in Zhong and Chen (2011),

βZC(δz) = �

(
−za + n‖δz‖2

{2 tr(�2
Xσ 4)}1/2

)
,

we get the asymptotic relative efficiency (ARE) of the proposed test with respect to Zhong
and Chen (2011)

ARE = ‖δz‖2 + kn|α�δz|2
‖δz‖2 × tr(�2

Xσ 4)1/2

tr(�2)1/2

= tr(�2
Xσ 4)1/2

tr(�2)1/2

{
1 + kn|α�δz|2

‖δz‖2

}

→ 1 + kn|α�δz|2
‖δz‖2 .

The last limit is because tr(�2) = tr(�2
Xσ 4) under the null hypothesis, and that tr(�2) =

tr(�2
Xσ 4)(1 + o(1)) under the local alternative in (7). Hence, the ARE for the proposed test

with respect to the ZC test is always greater than or equal to one under the local alternative

(7). Moreover, if kn and α are chosen such that kn|α�δz|2
‖δz‖2 is bounded away from zero, then

the ARE of the proposed test with respect to the test in Zhong and Chen (2011) is always

greater than one. Note that for kn|α�δz|2
‖δz‖2 to be large for a given kn, we want the direction of

α to be similar to that of δ. In practice, we choose α = p−1/2(1,1, . . . ,1)�, and obtain good
numerical results. We also experiment with other choices of α. Details and discussion of the
results are in the numerical studies section.

REMARK 1. One natural question for the proposed method is how to choose tuning pa-
rameters such as α and kn. Note that because � depends on α and kn, it seems that deriving
an exact optimal choice of α in terms of reaching the best power based on (9) would be very
difficult. It is expected that the exact optimal value of α depends on both kn and additional
unknown parameters and is of a complex expression. Nonetheless, from the asymptotic ex-
pression for ARE, we may obtain that under the conditions in Theorem 1, the asymptotically
optimal direction for α is δz/‖δz‖, where δz = �X(β − β0), which depends on unknown
parameters �X and β . Thus, if we use the same data to do the calculation of α as well as the
hypothesis test, it would make the limiting null distribution of the test statistic quite compli-
cated. Alternatively, one could use a data-splitting procedure, where part of the data is used
to estimate α and a different part is used for hypothesis testing. This may result in a loss of
power due to the reduction of sample size for testing. Further study on this is beyond the
scope of this paper, but it would be an interesting topic of future research.

REMARK 2. From the asymptotic expression for ARE, it seems that larger kn will lead
to larger ARE. However, note that the asymptotic expression for ARE is derived under the

conditions of Theorem 1, especially the conditions that knα
��Xα = o(

√
tr(�2

X)) and that
kn = o(

√
p) as n → ∞. Also note that when the largest eigenvalue of �X is bounded, the

conditions on kn can be simplified into kn = o(
√

p).
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To study the optimality of the proposed test, we follow the random effects setting in Arias-
Castro, Candès and Plan (2011a), and consider a random effects model (REM) with the fol-
lowing prior π on the regression coefficient vector in the alternatives: the regression vector β
has S = p1−s nonzero coefficients following i.i.d. sub-Gaussian distributions with mean zero
and variance γ 2, and the support of β is uniformly randomly generated among the size-S
subsets of {1,2, . . . , p}. We have the following optimality results.

THEOREM 2. Suppose that Assumptions A1 and A2 hold, and that λmax(�X) =
o(

√
min(n,p)). Let

γ 2
0 = p

nS
√

tr(�2
X)

,

then under the alternative hypothesis as specified in the REM model with s ∈ [0,1/2):

(i) further assuming that the random error εi , i = 1, . . . , n, are i.i.d. Gaussian random
variables with mean zero and variance σ 2, then all sequences of tests are asymptotically
powerless if γ 2/γ 2

0 → 0 as n → ∞;
(ii) the proposed test is asymptotically powerful when α is a p-dimensional vector with

‖α‖ = 1 and knα
��Xα = o(

√
tr(�2

X)) if γ 2/γ 2
0 → ∞ as n → ∞.

In Theorem 2, the REM is assumed for the derivation of the threshold γ 2
0 . Similar models

are also used in other studies on optimality, such as Arias-Castro, Candès and Plan (2011a). In
the REM model, s measures the sparsity level of the regression coefficient, and γ 2 measures
the signal strength. Under the REM with moderate sparsity s ∈ [0, 1

2), Theorem 2 establishes
a signal strength threshold γ 2

0 , and that if the ratio between the signal strength γ 2 and the
threshold γ 2

0 tends to zero, then every test is asymptotically powerless; while the ratio γ 2/γ 2
0

tends to infinity, the proposed test is asymptotically powerful. Such results illustrate the opti-
mality of the proposed test. The proof of Theorem 2 is given in Section 2.3.

2.3. Additional technical details and proof of Theorems 1 and 2. We now provide ad-
ditional technical details for theoretical derivations. In Section 2.3.1, we derive the explicit
forms of the mean and variance of Wn. The proofs of Theorems 1 and 2 are given in Sec-
tions 2.3.2 and 2.3.3, respectively.

2.3.1. Derivation of mean and variance of Wn. Let us start with the scenario in which
μX and μY are known. That is, zi = (xi − μX)(yi − μY − (xi − μX)�β0). Thus,

Wn = 2

n(n − 1)

∑
i<j

[
z�
i zj + knα

�ziz
�
j α

]
.

For E(Wn), we have

E(Wn) = E
(
z�
i zj

)+ knE
(
α�ziz

�
j α

)= ∥∥E(z)
∥∥2 + kn

∣∣α�E(z)
∣∣2.

Under the null hypothesis, E(z) = 0. Therefore, it follows that

E(Wn) = 0.

Furthermore, we have

Var(Wn) = 4

n2(n − 1)2

∑
i<j

Var(Wnij ) + 1

n2(n − 1)2

∑
i �=j �=k

Cov(Wnij ,Wnik)

= 2

n2 Var(Wn12)
(
1 + o(1)

)+ O

(
1

n

)
Cov(Wn12,Wn13),
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where Wnij = z�
i zj + knα

�ziz
�
j α. Thus, it follows that

Var(Wn12) = Var
(
z�

1 z2
)+ 2kn Cov

(
z�

1 z2,α
�z1z

�
2 α

)+ k2
n Var

(
α�z1z

�
2 α

)
.

From the law of total variance, we further have

Var
(
z�

1 z2
)= tr

(
Cov(z)2)+ 2E(z)� Cov(z)E(z).

Similarly, from the law of total variance, for Var(α�z1z
�
2 α), we have

Var
(
α�z1z

�
2 α

)= (
α� Cov(z)α

)2 + 2α� Cov(z)α
(
α�E(z)

)2
.

Additionally, for Cov(z�
1 z2,α

�z1z
�
2 α), we have

Cov
(
z�

1 z2,α
�z1z

�
2 α

)= α� Cov(z)2α + 2E(z)� Cov(z)αα�E(z).

Furthermore, under the null hypothesis, it is easy to have that Cov(Wn12,Wn13) = 0. In sum,
under the null hypothesis, we have

Var(Wn) = σ 2
n ,

where

σ 2
n = 2

n2

[
tr
(
Cov(z)2)+ 2knα

� Cov(z)2α + k2
n

(
α� Cov(z)α

)2]
.

Consider the following estimator for σ 2
n :

σ̂ 2
n = 2

n2

[
tr
(
�̂2

Z

)+ 2knα
��̂2

Zα + k2
n

(
α��̂Zα

)2]
,

where �̂Z is the sample covariance of z, and

�̂2
Z = 1

n(n − 1)

∑
i �=j

(
ziz

�
j − 1

n(n − 1)

∑
i �=j

ziz
�
j

)2

= 1

n(n − 1)

∑
i �=j

(
ziz

�
j

)2 −
(

1

n(n − 1)

∑
i �=j

ziz
�
j

)2
.

Note that a similar estimation method has also been used by the asymptotic variance estimator
derivation in Chen and Qin (2010). In fact, tr(�̂2

Z) and α��̂2
Zα are ratio consistent estimators

for tr(Cov(z)2) and α� Cov(z)2α under the local alternative hypothesis, respectively. Take
α��̂2

Zα, for example. Under the local alternative (7), we have

α� Cov(z)2α = α�(E(zz�)− E(z)E(z)�
)2

α = α�(E(zz�))2α(1 + o(1)
)
,

where the last equality is from λmin(E(zz�)) = O(1) and that ‖E(z)‖ = o(1), which follows
from ∥∥E(z)

∥∥= ∥∥E
[
(x − μX)

(
y − μY − (x − μX)�β0

)]∥∥
= ∥∥E

[
(x − μX)(x − μX)�(β − β0)

]∥∥
= O

(
n−1/2λmax(�X)

)= o(1)

under the local alternative (7). Similarly, under the local alternative (7), we have

α��̂2
Zα = 1

n(n − 1)

[∑
i �=j

α�(ziz
�
j

)2
α

](
1 + o(1)

)
.
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Furthermore, we have E(α�(ziz
�
j )2α) = α�(E(zz�))2α. Hence, from the theory of the U -

statistic, 1
n(n−1)

[∑i �=j α�(ziz
�
j )2α] is a consistent U -statistic estimator for α�(E(zz�))2α.

Additionally, we can further show that σ̂ 2
n is a ratio consistent estimator for σ 2

n under local
alternatives.

We next turn to the case where μX and μY are unknown. We calculate z using the sample
means as zi = (xi − x̄)(yi − ȳ − (xi − x̄)�β0). For clarity, here we use z and Wn to refer to z
and Wn calculated using the sample means and use z0 and W 0

n to refer to z and Wn calculated
using the population means. We have

Wn − W 0
n = (

z̄ − z̄0)�(z̄ + z̄0)+ knα
�(z̄ − z̄0)(z̄ + z̄0)�α

+ Op

(
n−1)(λmax(�X) + knα

��Xα
)

= (
z̄ − z̄0)�(z̄ + z̄0)+ knα

�(z̄ − z̄0)(z̄ + z̄0)�α + op

(
n−1

√
tr
(
�2

X

))
.

Furthermore, we have

Var
(
Wn − W 0

n

)= O
(
tr(Vn)

)+ k2
nO

(
α�Vnα

)+ o
(
Var(Wn)

)
= O

(
k2
n

(
α�E

[
z̄0z̄0�]α)2)+ o

(
Var(Wn)

)
,

where Vn = E[(z̄ − z̄0)(z̄ − z̄0)�]E[z̄0z̄0�]. And under the local alternative (7), we have

α�E
[
z̄0z̄0T ]α

≤ E
((

α�(x − μX)(x − μX)�(β − β0)
)2)+ n−1α�E

(
(x − μX)(x − μX)�

)
α

= n−1δ2(α��Xα
)2 + n−1α��Xα.

Hence, we have Var(Wn) = Var(W 0
n )(1 +o(1)), and σ̂ 2

n is still a ratio consistent estimator for
Var(Wn) for Wn constructed with sample means.

2.3.2. Two lemmas and Proof of Theorem 1. Let us introduce some notation. Define

zη,i = (xi − μX)
(
yi − μY − (xi − μX)�η

)
= (xi − μX)

(
(xi − μX)�(β − η) + εi

)
,

and

SZη = 1

n

n∑
i=1

zη,iz
�
η,i = 1

n

n∑
i=1

(
(xi − μX)�(β − η) + εi

)2
(xi − μX)(xi − μX)�.

Then we have zβ,i = (xi − μX)εi , and SZβ
= 1

n

∑n
i=1 zβ,iz

�
β,i = 1

n

∑n
i=1 ε2

i (xi − μX)(xi −
μX)�. We also let �Zβ = ESZβ = σ 2�X . Further define �1 = S

1/2
Zβ

(Ip + knαα�)S
1/2
Zβ

, and

�2 = (�
1/2
Zβ

(Ip + knαα�)�
1/2
Zβ

)2. To prove Theorem 1, we need the following two lemmas,
whose proofs are given in the Appendix.

LEMMA 2.1. Under Assumptions A1 and A2,

(10)
n‖z̄β‖2 − tr(SZβ )√

2σ 4 tr(�2
X)

d→ N(0,1).

LEMMA 2.2. Under the conditions for Theorem 1 and the local alternative condition (7),

nWn − n(‖δz‖2 + kn|αT δz|2)
{2 tr(�2)}1/2

d→ N(0,1).
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PROOF OF THEOREM 1. The null hypothesis H0 and the first part of Theorem 1 can be
seen as a special case of the local alternative hypothesis (7) and the second part of Theorem 1
with δ = 0 and β = β0. Thus, it suffices to show the second part of Theorem 1 for local
alternatives.

It is easy to verify that under the null hypothesis or local alternative hypothesis (7),
tr(�1) = tr(�)(1 + op(1)), and tr(�2) = tr(�2)(1 + op(1)). In fact, under the null or local
alternative (7), we have

tr(�1) − tr(�) = tr
((

Ip + knαα�)SZβ

)− tr
((

Ip + knαα�)SZβ0

)+ op

(
tr(�)

)
= tr

((
Ip + knαα�)(SZβ − SZβ0

)
)+ op

(
tr(�)

)
= tr(SZβ − SZβ0

) + knα
�(SZβ − SZβ0

)α + op

(
tr(�)

)
.

Since

SZβ − SZβ0
= −1

n

n∑
i=1

((
(xi − μX)�(β − β0) + εi

)2 − ε2
i

)
(xi − μX)(xi − μX)�

= −1

n

n∑
i=1

((
(xi − μX)�(β − β0)

)2 + 2(xi − μX)�(β − β0)εi

)
× (xi − μX)(xi − μX)�,

we have tr(�1) = tr(�)(1 + op(1)) under the local alternative (7). Similarly, we have

tr(�2) − tr
(
�2)= tr

[(
�

1/2
2 − �

)(
�

1/2
2 + �

)]
= (1 + kn)Op

(
tr
(
�

1/2
2 − �

))
= (1 + kn)Op

(
E
[
tr
((

Ip + knαα�)(SZβ − SZβ0
)
)])

= op

(
tr
(
�2)).

For β = β0 + n−1/2δu with |δ| ≤ C and ‖u‖ = 1, we have

Tn − n‖δz‖2 + nkn|αT δz|2
{2 tr(�2)}1/2

= {2 tr(�2)}1/2

{2̂tr(�2)}1/2
T a

n + tr(�1) − ̂tr(�)

{2̂tr(�2)}1/2

+
[{2 tr(�2)}1/2

{2̂tr(�2)}1/2
− 1

]
n||δz‖2 + nkn|αT δz|2

{2 tr(�2)}1/2 ,

where

T a
n = nWn − n(‖δz‖2 + kn|αT δz|2)

{2 tr(�2)}1/2 .

The second and the third terms are of op(1) as n and p go to infinity. In fact, it is easy to have

tr(�1) − tr(�) = op({2 tr(�2)}1/2). Furthermore, since tr(�) − ̂tr(�) = op({2 tr(�2)}1/2)

(equation (6.10) Chen and Qin (2010)), the second term is of op(1). Since ̂tr(�2) is a
ratio consistent estimator of tr(�2), which is itself ratio consistent with tr(�2), we have

{2 tr(�2)}1/2/{2̂tr(�2)}1/2 − 1 = op(1). Hence, the third term is also of op(1). Furthermore,

since {2 tr(�2)}1/2/{2̂tr(�2)}1/2 converges to one in probability, and Lemma 2.2 establishes

that T a
n

d→ N(0,1), the proof of Theorem 1 is complete. �
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2.3.3. Proof of Theorem 2. Without loss of generality, we assume that β0 = 0 in the null
hypothesis, and we also assume that Var(yi |xi ) = σ 2 = 1. Then the average likelihood ratio
corresponding to the prior π on the alternatives is given by

(11) W(X,y) = Eπ

[
exp

(
y�Xβ − ‖Xβ‖2/2

)|X,y
]
,

where X is the n×p design matrix, y is the response vector, and Eπ [·|X,y] is the conditional
expectation regarding the prior π on the alternatives given X and y. By the Neyman-Pearson
lemma, the likelihood ratio test T = {W(X,y) > 1} minimizes the average risk Riskπ(T ) =
P0(T = 1)+Eπ [I (T = 0)], where P0(T = 1) is the type I error and Eπ [I (T = 0)] is the type
II error under the prior π on the alternatives. To show all sequences of tests are powerless,
we only need to show that lim sup E(W(X,y)2) = 1 (Section A.1, Arias-Castro, Candès and
Plan (2011b)). Note that E(W(X,y)) ≥ 1 from the Jensen inequality and the convexity of the
exp function. As a result, we only need to show that E(W(X,y)2) ≤ 1 + o(1) to prove the
first part of Theorem 2.

By Fubini’s theorem, first integrating with regards to y, we have

E
(
W(X,y)2)= E

[
Eπ

[
exp

(
β�X�Xβ ′)|X]],

where β ′ is another vector from the prior π , that is, β,β ′ i.i.d.∼ π , and Eπ [·|X] is the condi-
tional expectation regarding the prior π on the alternatives given X. Let R = ∑

j :βj �=0 Rj ,

where Rj = βjX
�
j Xβ ′, and Xj is the j th column of the design matrix X. Then we have

E
(
W(X,y)2)= E

[
Eπ

[
exp(R)|X]]= E

[
Eπ

[
exp

( ∑
j :βj �=0

Rj

)∣∣∣X]].
Denote β’s and β ′’s supports as J and J ′, respectively. Without loss of generality, we

assume that μX = 0 in Assumption A1. We also assume that the diagonal elements of �X

are bounded from above. Note that Rj = ajβj , j ∈ J , aj = X�
j Xβ ′, are mean-zero sub-

exponential random variables, and they are jointly independent given X and β ′. Then with
Bernstein’s inequality (Theorem 2.8.2, Vershynin (2018)), we have

(12)

P
(|R| ≥ t |X,β ′)= P

(∣∣∣∣∑
j∈J

ajβj

∣∣∣∣≥ t
∣∣∣X,β ′

)

≤ 2 exp
(
−c min

(
t2

γ 2∑
j∈J a2

j

,
t

γ maxj∈J |aj |
))

≤ 2 exp
(
− ct2

γ 2∑
j∈J a2

j

)
+ 2 exp

(
− ct

γ maxj∈J |aj |
)
,

with some absolute constant c. Note that because the function f (x) = exp(−1/x) is concave
in x > 0, then from Jensen’s inequality we have

(13)

P
(|R| ≥ t |X)= Eπ

[
P
(|R| ≥ t |X,β ′)|X]

≤ 2 exp
(
− ct2

γ 2Eπ [∑j∈J a2
j |X]

)
+ 2 exp

(
− ct

γ Eπ [maxj∈J |aj ||X]
)
.

For γ 2Eπ [∑j∈J a2
j |X] in (13), we have Eπ [R2|X] = γ 2Eπ [∑j∈J a2

j |X]. And we have

Eπ

[
R2|X]= Eπ

[
β�X�Xβ ′β ′�X�Xβ|X]= Eπ

[
tr
(
β ′β ′�X�Xββ�X�X

)|X]
= tr

[
Eπ

(
β ′β ′�X�Xββ�X�X|X)]= tr

[
Eπ

(
ββ�X�X|X)2].
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From the prior π of β , we have

Eπ

[
R2|X]= tr

[
Eπ

(
ββ�X�X|X)2]= tr

(
Sγ 2

p
DX + S2γ 2

p2

(
X�X − DX

))2

≤ n2S2γ 4

p2 tr
((

X�X/n
)2)= op(1),

where DX is the diagonal matrix of X�X, and the last equality is from tr((X�X/n)2) =
Op(tr(�2

X)) as n and p go to infinity, and that γ 2/γ 2
0 = o(1) in the first part of Theorem 2.

Then for the second term in (13), we have

exp
(
− ct2

γ 2Eπ [∑j∈J a2
j |X]

)
≤ exp

(−t2/K1
)
,

with K1 = op(1). Now we consider how to control the second term in (13). We have aj =∑
j ′∈J ′ X�

j Xj ′β ′
j ′ . Then we use Bernstein’s inequality (Theorem 2.8.2, Vershynin (2018))

again for aj , and get

P
(|aj | ≥ t |X,J ,J ′)≤ 2 exp

(
−c min

(
t2

γ 2∑
j ′∈J ′(X�

j Xj ′)2
,

t

γ maxj ′∈J ′ |X�
j Xj ′ |

))

≤ 2 exp
(
−c1 min

(
t2

γ 2∑
j ′∈J ′(X�

j Xj ′)2
,

t

nγ

))

≤ 2 exp
(
− c1t

2

γ 2∑
j ′∈J ′(X�

j Xj ′)2

)
+ 2 exp

(
−c1t

nγ

)
,

for some bounded positive constant c1. Further, from Jensen’s inequality and the concavity
of f (x) = exp(−1/x), we have

P
(|aj | ≥ t |X)≤ 2 exp

(
− c1t

2

γ 2Eπ [∑j ′∈J ′(X�
j Xj ′)2|X]

)
+ 2 exp

(
−c1t

nγ

)

≤ 2 exp
(
− c1t

2p2

Sγ 2 tr((X�X)2)

)
+ 2 exp

(
−c1t

nγ

)
.

Note that this holds for any j , and we get

P
(
max
j∈J |aj | ≥ t

∣∣X)≤ 2 exp
(
− c1t

2p2

Sγ 2 tr((X�X)2) log(S)

)
+ 2 exp

(
− c1t

nγ log(S)

)
.

Hence, we have

γ Eπ

[
max
j∈J |aj |

∣∣X]= O

(√
n2Sγ 4 tr((X�X/n)2) log(S)

p2

)
+ O

(
nγ 2 log(S)

)
= √

GO
(√

log(S)/S
)+ √

GO
(√

p log(S)/S
)

= op(1),

where

G = n2S2γ 4 tr(�2
X)

p2 × p

tr(X�X/n)
= op(1).
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Then for the second term in (13), we have

exp
(
− ct

γ Eπ [maxj∈J |aj ||X]
)

≤ exp
(−t2/K2

)+ exp(−t/K2),

with K2 = op(1). In sum, from (13), we get

P
(|R| ≥ t |X)≤ 2 exp

(
− ct2

γ 2Eπ [∑j∈J a2
j |X]

)
+ 2 exp

(
− ct

γ Eπ [maxj∈J |aj ||X]
)

≤ 4 exp
(−t2/K3

)+ 4 exp(−t/K3),

where K3 = max(K1,K2) = op(1). Then we get

Eπ

[
exp(R)|X]≤ ∫ 1+ε

0
P
(
exp

(|R|)≥ t |X)dt +
∫ ∞

1+ε
P
(|R| ≥ log(t)|X)dt

≤ 1 + ε + 4
∫ ∞

1+ε

[
exp

(− log(t)2/K3
)+ exp

(− log(t)/K3
)]

dt

= 1 + ε + op(1),

for any ε > 0. Since the inequality holds for any ε > 0, we have

Eπ

[
exp(R)|X]≤ 1 + op(1).

In sum, we get that

E
(
W(X,y)2)= E

[
Eπ

[
exp(R)|X]]≤ 1 + o(1),

which completes the proof of the first part of Theorem 2.
For the second part of Theorem 2, note that Theorem 1 already shows that the proposed

test statistic Tn has a standard normal distribution asymptotically under the null, thus we
only need to show that the proposed test statistic goes to infinity in probability under the
alternative to establish the asymptotic powerfulness of the proposed test in the second part
of the theorem. Recall that our proposed test statistic Tn is defined in (5). We assume that
μX = 0 without loss of generality. From the derivation of E(Wn) in Section 2.3.1, we have

Eπ

[
E(Wn|β)

]= Eπ

[∥∥E(z|β)
∥∥2]+ knEπ

[∣∣α�E(z|β)
∣∣2]

= Eπ

[‖�Xβ‖2]+ Eπ

[∣∣α��Xβ
∣∣2]

= Sγ 2

p
tr
(
�2

X

)+ kn

Sγ 2

p
‖�Xα‖2,

where Eπ is the expectation regarding the prior π on the alternatives, and E(·|β) is the con-
ditional expectation given β . From the derivation of Var(Wn) in Section 2.3.1, we have

Var(Wn|β) = O

(
1

n2

)
Var(Wn12|β) + O

(
1

n

)
Cov(Wn12,Wn13|β),

where Var(·|β) is the conditional variance given β , that is, Var(T |β) = E(T 2|β) − E(T |β)2

for any statistic T , Wnij = z�
i zj + knα

�ziz
�
j α. Note that we use a = O(b) to mean that a/b

is bounded as n and p go to infinity, and the bound does not depend on n or p. We have that

Var(Wn12|β) = O
(
tr
(
Cov(z|β)2))+ O

(
E(z|β)� Cov(z|β)E(z|β)

)
+ k2

nO
((

α� Cov(z|β)α
)2)+ k2

nO
(
α� Cov(z|β)α

(
α�E(z|β)

)2)
= O

(
tr
(
Cov(z|β)2))+ k2

nO
((

α� Cov(z|β)α
)2)+ O

(∥∥E(z|β)
∥∥4)

.
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Furthermore, from Assumptions A1 and A2, we get

Var(Wn12|β)

= O
((

β��2
Xβ

)2 + tr
(
�2

X

))+ O
(
k2
n

)((
α��Xβ

)4 + (
α��Xα

)2)+ O
(∥∥E(z|β)

∥∥4)
= O

(
E(Wn|β)2 + tr

(
�2

X

))
.

For Cov(Wn12,Wn13|β), we have

Cov(Wn12,Wn13|β)

= Cov
(
z�

1 z2,z
�
1 z3|β)+ 2kn Cov

(
z�

1 z2,α
�z1z

�
3 α|β)

+ k2
n Cov

(
α�z1z

�
2 α,α�z1z

�
3 α|β)

= E(z|β)� Cov(z|β)E(z|β) + 2knE(z|β)� Cov(z|β)αα�E(z|β)

+ k2
nα

� Cov(z|β)α
(
α�E(z|β)

)2
= O

(
E(z|β)� Cov(z|β)E(z|β)

)+ O
(
k2
n

)
α� Cov(z|β)α

(
α�E(z|β)

)2
.

We further have

Cov(Wn12,Wn13|β)

= O
(
β��X

(
�Xββ��X + �X

)
�Xβ

)+ k2
nO

((
α��Xβ

)2)
α�(�Xββ��X + �X

)
α

= O
((

β��2
Xβ

)2 + β��3
Xβ

)+ O
(
k2
n

)(
α��Xβ

)2((
α��Xβ

)2 + α��Xα
)

= O
(
E(Wn|β)2)) + O

(
β��3

Xβ
)
.

For β��3
Xβ , we have that

Eπ

[
β��3

Xβ
]= S

p
γ 2 tr

(
�3

X

)= o

(
n

(
S

p
γ 2 tr

(
�2

X

))2)
+ O

(
1

n
tr
(
�2

X

))

= o
(
nEπ

[
E(Wn|β)2])+ O

(
1

n
tr
(
�2

X

))
.

Note that we use a = o(b) to mean that a/b goes to zero as n and p go to infinity. In sum,

Eπ

[
Var(Wn|β)

]= O

(
1

n

)(
Eπ

[
E(Wn|β)2]+ Eπ

[
β��3

Xβ
])+ O

(
1

n2

)
tr
(
�2

X

)
= o

(
Eπ

[
E(Wn|β)2])+ O

(
1

n2 tr
(
�2

X

))
.

Since γ 2/γ 2
0 → ∞ as n and p go to infinity in the second part of Theorem 2, we know that

Eπ [E(nWn|β)]√
Eπ [Var(nWn|β)] → ∞,

which means that under the alternative prior π , we have nWn ∼ Eπ [E(nWn|β)] as n and p

go to infinity, where x ∼ y means that x and y are of the same order asymptotically. Recall

the definition of ̂tr(�2):

̂tr
(
�2
)= tr

(
�̂2

Z

)+ 2knα
��̂2

Zα + k2
n

(
α��̂Zα

)2
,
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where �̂Z is the sample covariance of z and �̂2
Z is as defined in (6). Then we have that

̂tr
(
�2
)= Op

(
tr
(
Cov(z|β)2))+ Op(kn)α

� Cov(z|β)2α + Op

(
k2
n

)(
α� Cov(z|β)α

)2
= Op

((
β��2

Xβ
)2)+ Op

(
tr
(
�2

X

))+ Op

(
k2
n

)(
α�(�Xββ��X + �X

)
α
)2

= Op

(
E(Wn|β)2)+ Op

(
tr
(
�2

X

))
.

Note that we use a = Op(b) to mean that a/b is bounded in probability as n and p go to
infinity, and the bound does not depend on n or p. Under the prior of the alternative, we have√

2̂tr
(
�2
)= Op

(
Eπ

[
E(Wn|β)

])+ OP

(√
tr
(
�2

X

))
.

In sum, we get that Tn = nWn√
2̂tr(�2)

goes to infinity in probability as n and p go to infinity,

which completes the proof of Theorem 2.

3. Numerical studies. In this section, we examine the finite sample performance of the
proposed test and illustrate the proposed procedure via an empirical analysis of a breast can-
cer data set provided from Prat et al. (2014). In our numerical study, we compare the proposed
test to the ones put forward by Zhong and Chen (2011) and Cui, Guo and Zhong (2018),
which are labelled as ZC and CGZ throughout this section, respectively.

3.1. Practical implementation issue with the estimation of tr(�2). In Section 2, we pro-
posed an estimator of tr(�2) as follows:

̂tr
(
�2
)= tr

(
�̂2

Z

)+ 2knα
��̂2

Zα + k2
n

(
α��̂Zα

)2
.

Direct calculation of �̂2
Z based on (6) may lead to a very expensive computational cost

with computational complexity O(n2p4). Similarly, the computational complexity of �̂Z is
O(np2). Furthermore, both ziz

�
j and �̂Z are p ×p matrices, and therefore direct calculation

based on (6) requires an extremely large amount of memory for large p.
To address the computational issues, it is of interest to derive an effective way to calculate

the estimate of tr(�2). It is noteworthy that we need to obtain the scalar values of tr(�̂2
Z),

α��̂2
Zα, and α��̂Zα instead of calculating and saving the large dimensional matrices. This

observation helps us to derive an equivalent but easy-to-compute formula for tr(�̂2
Z) as fol-

lows:

(14)

tr
(
�̂2

Z

)= 1

n(n − 1)

(
1 − 1

n(n − 1)

)∑
i,j

(
z�
i zj

)2 − 1

n(n − 1)

n∑
i=1

(
z�
i zi

)2
− n2

(n − 1)2 ‖z̄‖4
2 + 2

(n − 1)2

n∑
i=1

(
z�
i z̄
)2

,

where z̄ = n−1∑n
i=1 zi . This significantly reduces the computational cost to the order of

O(n2p), and avoids storing the p × p matrices. Similarly, define vi = α�zizi , and it follows
that

α��̂2
Zα = n

n − 1
v̄�v̄ − 1

n(n − 1)

n∑
i=1

v�
i vi − 1

(n(n − 1))2

∥∥n2α�z̄z̄� − nv̄
∥∥2

2,

and

α��̂Zα = 1

n − 1

n∑
i=1

∥∥α�(zi − z̄)
∥∥2

2.
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Using these equivalent formulas, we can significantly reduce the computational cost for cal-

culating ̂tr(�2).

3.2. Monte Carlo simulation study. In our simulation study, we generate data from

y = x�β + ε,

where xi follows either a multivariate normal N(0,�) or ({4/6}1/2)t6(0,�) distribution.
Note that tν(μ,�) represents a multivariate t-distribution with ν degrees of freedom, mean
μ, and covariance structure ν

ν−2�. We consider autoregressive (AR) structures for � = (σij )

with σij = ρ|i−j |. In our simulations, we set ρ = 0.25,0.5 or 0.75. Due to page limits, we
have included the simulation results where � satisfies the block compound structure (BCS)
in Section S.2.

The error terms ε were each drawn from either a standard normal distribution N(0,1) or
(4/6)1/2t(6), where t(6) is the univariate t-distribution with 6 degrees of freedom. For the
purposes of our hypothesis testing scenarios, we set β0 = 0.

In our simulation, we set (n,p) = (200,300), (400,600) and (800,1200). We set kn =
(p/ ln(p))1/2, and α = (1, . . . ,1)�/

√
p. We will study the performance of the proposed test

with different values of kn and different choices of α later.
We first examine whether the proposed test can retain an adequate type I error rate and

the performance of the proposed test under local alternatives. To make simulation settings
challenging to testing procedures included in this comparison, we set β as follows: Only
25% of the p elements in β are nonzero and the nonzero elements are randomly located
within the coefficient vector. We consider two cases for setting values of nonzero elements in
β .

Case 1. Fixed signals: all nonzero elements equal δ/
√

n,
Case 2. Random signals: Nonzero elements are set to be U(0,1)δ/

√
n.

The cases with δ = 0 are used to examine the type I error rate and the other values are used
for local power. We examined type I error rates and local power performance based on 1000
replications for each combination involving the sample size n, dimension p, � with different
ρ’s, errors drawn from both the standard normal and (4/6)1/2t (6) distributions, and fixed and
random signal cases. Simulation results are summarized in Tables 1–3 for x ∼ N(0,�) and
Tables S.1–S.3 for x ∼ (4/6)1/2t6(0,�). Throughout this paper, the proposed test is labelled
as New when shown against comparison methods.

Across Tables 1–3 and Tables S.1–S.3, it can be seen that all methods control Type I error
rate well. Tables 1–3 and Tables S.1–S.3 imply that the newly proposed test has higher power
than the ZC and CGZ tests. The ZC and CGZ tests perform similarly.

From these tables, we can see that the distributions from which x and ε are generated
seem to have little impact on the empirical power of the proposed test and ZC and CGZ tests.
Across the different simulation scenarios presented in these tables, the empirical power in-
creases as n and p increase proportionally while other conditions (signal strength, ρ, εi and
xi generation) are held constant. Indeed, for all such other conditions being held constant,
the relative δ value necessary to achieve empirical power values close to 1 decreases as n

increases from 200 to 800. We can also see an increase in the power as ρ increases from 0.25
to 0.75. Since under the local alternative the asymptotic power of our proposed test relies
on �X(β − β0) and its Euclidean norm, such an increase is to be expected. Indeed, we an-
ticipate the new method being more powerful for data generated from a stronger covariance
structure. Similar performance can be seen from both Zhong and Chen (2011) and Cui, Guo
and Zhong (2018), consistent with the asymptotic power of those tests. As seen in the simu-
lation results from the tables, the proposed test would perform better than ZC and CGZ tests
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TABLE 1
Type I error rate and power with xi ∼ N(0,�) and ρ = 0.25

εi ∼ N(0,1) εi ∼ (4/6)1/2t(6)

(n,p) δ New ZC CGZ New ZC CGZ

Case 1: Fixed Signals
(200,300) 0 0.065 0.053 0.057 0.048 0.039 0.041

0.27 0.225 0.061 0.068 0.239 0.072 0.083
0.53 0.735 0.2 0.206 0.761 0.207 0.212
0.8 0.973 0.554 0.564 0.971 0.561 0.557
1.06 0.998 0.865 0.87 1 0.863 0.864

(400,600) 0 0.044 0.057 0.061 0.047 0.057 0.058
0.25 0.356 0.093 0.096 0.382 0.067 0.067
0.5 0.935 0.294 0.299 0.949 0.305 0.312
0.75 0.998 0.75 0.753 1 0.751 0.755
1 1 0.979 0.979 1 0.972 0.975

(800,1200) 0 0.051 0.05 0.05 0.045 0.045 0.044
0.25 0.65 0.086 0.088 0.641 0.092 0.091
0.49 0.997 0.504 0.508 1 0.504 0.51
0.74 1 0.955 0.955 1 0.955 0.953
0.99 1 1 1 1 1 1

Case 2: Random Signals
(200,300) 0 0.059 0.051 0.053 0.046 0.046 0.046

0.71 0.426 0.125 0.125 0.417 0.109 0.114
1.41 0.952 0.54 0.55 0.928 0.534 0.534
2.12 0.999 0.91 0.916 0.997 0.911 0.912
2.83 1 0.993 0.993 1 0.991 0.994

(400,600) 0 0.046 0.054 0.057 0.047 0.049 0.048
0.5 0.371 0.089 0.09 0.424 0.086 0.086
1 0.957 0.411 0.414 0.946 0.399 0.408
1.5 1 0.863 0.866 1 0.873 0.875
2 1 0.992 0.992 1 0.991 0.992

(800,1200) 0 0.045 0.054 0.054 0.053 0.053 0.052
0.35 0.375 0.063 0.068 0.348 0.064 0.065
0.71 0.952 0.274 0.276 0.941 0.279 0.277
1.06 1 0.741 0.746 1 0.731 0.729
1.41 1 0.977 0.978 1 0.976 0.977

across different methods of generating xi (both from a multivariate normal and a multivariate
t), different assumed distributions for the ε terms (normal or t-distribution), the covariance
matrix structures with ρ|i−j | for ρ at different sizes from 0.25 to 0.75, as well as for signal
strengths for β .

We next examine the performance of the proposed tests with different choices of α, differ-
ent values of kn and different sparsity under local alternatives. To this end, we let n = 400,
xi ∼ N(0,�) with (i, j)-element of � being (0.50|i−j |), ε ∼ N(0,1). We consider the fol-
lowing cases.

Case C1: The default parameters used in Tables 1–3 and Tables S.1–S.3. That is, α =
(1, . . . ,1)�/

√
p, kn = (p/ ln(p))1/2 and 25% of elements of the β are nonzero and equal

δ/
√

n under the local alternative.
Case C2: We set α to be a uniformly distributed random direction with ||α|| = 1, set kn =

(p/ ln(p))1/2 and 25% of elements of the β are nonzero and equal δ/
√

n under the local
alternative.
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TABLE 2
Type I error rate and power with xi ∼ N(0,�) and ρ = 0.5

εi ∼ N(0,1) εi ∼ (4/6)1/2t(6)

(n,p) δ New ZC CGZ New ZC CGZ

Case 1: Fixed Signals
(200,300) 0 0.06 0.057 0.062 0.046 0.043 0.042

0.13 0.137 0.06 0.065 0.151 0.046 0.05
0.27 0.44 0.106 0.114 0.486 0.098 0.102
0.4 0.773 0.233 0.239 0.813 0.241 0.244
0.53 0.951 0.496 0.503 0.952 0.493 0.502

(400,600) 0 0.047 0.045 0.049 0.046 0.054 0.052
0.12 0.195 0.056 0.065 0.221 0.063 0.064
0.25 0.673 0.132 0.136 0.68 0.121 0.12
0.38 0.952 0.323 0.324 0.967 0.351 0.357
0.5 0.997 0.653 0.656 0.998 0.662 0.665

(800,1200) 0 0.044 0.049 0.047 0.054 0.055 0.059
0.12 0.388 0.069 0.067 0.386 0.064 0.066
0.25 0.938 0.207 0.209 0.923 0.185 0.186
0.37 0.997 0.551 0.555 1 0.551 0.552
0.49 1 0.898 0.9 1 0.892 0.897

Case 2: Random Signals
(200,300) 0 0.064 0.049 0.054 0.046 0.043 0.043

0.35 0.24 0.076 0.081 0.23 0.063 0.068
0.71 0.701 0.232 0.241 0.717 0.225 0.231
1.06 0.961 0.555 0.56 0.943 0.562 0.565
1.41 0.999 0.859 0.864 0.994 0.848 0.848

(400,600) 0 0.054 0.057 0.058 0.045 0.049 0.049
0.25 0.202 0.061 0.066 0.234 0.054 0.057
0.5 0.663 0.168 0.167 0.688 0.142 0.143
0.75 0.961 0.416 0.417 0.957 0.418 0.421
1 0.999 0.741 0.749 0.999 0.747 0.747

(800,1200) 0 0.04 0.05 0.05 0.051 0.035 0.038
0.12 0.105 0.05 0.052 0.124 0.04 0.042
0.25 0.379 0.054 0.061 0.362 0.069 0.066
0.37 0.747 0.117 0.117 0.708 0.111 0.111
0.49 0.947 0.222 0.222 0.936 0.227 0.234

Case C3: We set kn = (1/2)(p ln(p))1/2, α = (1, . . . ,1)�/
√

p and 25% of elements of
the β are nonzero and equal δ/

√
n under the local alternative.

Case C4: We set kn = 2(p ln(p))1/2, α = (1, . . . ,1)�/
√

p and 25% of elements of the β
are nonzero and equal δ/

√
n under the local alternative.

Case C5: We set one-tenth of elements in β to be nonzero and equal δ/
√

n, and set α =
(1, . . . ,1)�/

√
p and kn = (p/ ln(p))1/2.

Case C6: We set one-third of elements in β to be nonzero and equal δ/
√

n, and set α =
(1, . . . ,1)�/

√
p and kn = (p/ ln(p))1/2.

Case C1 can be viewed as the reference case for the rest of this section. Case C2 is designed
to examine whether the proposed test is sensitive to the choice of α. Cases C3 and C4 are
designed to investigate the robustness of the proposed test to kn. Cases C5 and C6 are used
to examine the performance of the proposed test under different sparsity levels in β under
the local alternative. Simulation results are summarized in Table 4, from which we can see
that the proposed test controls the Type I error rate well for all cases. Comparing Cases C1
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TABLE 3
Type I error rate and power with xi ∼ N(0,�) and ρ = 0.75

εi ∼ N(0,1) εi ∼ (4/6)1/2t(6)

(n,p) δ New ZC CGZ New ZC CGZ

Case 1: Fixed Signals
(200,300) 0 0.057 0.05 0.052 0.052 0.039 0.044

0.13 0.289 0.092 0.094 0.318 0.09 0.087
0.27 0.811 0.35 0.357 0.839 0.37 0.369
0.4 0.985 0.771 0.776 0.981 0.796 0.797
0.53 0.999 0.961 0.963 1 0.966 0.962

(400,600) 0 0.049 0.048 0.049 0.035 0.048 0.054
0.12 0.465 0.099 0.103 0.484 0.108 0.111
0.25 0.968 0.467 0.474 0.979 0.485 0.481
0.38 1 0.911 0.915 1 0.921 0.923
0.5 1 0.998 0.998 1 0.996 0.996

(800,1200) 0 0.049 0.047 0.05 0.05 0.056 0.059
0.12 0.776 0.161 0.161 0.783 0.133 0.132
0.25 0.999 0.727 0.727 1 0.716 0.72
0.37 1 0.993 0.994 1 0.992 0.992
0.49 1 1 1 1 1 1

Case 2: Random Signals
(200,300) 0 0.054 0.051 0.051 0.043 0.033 0.038

0.18 0.166 0.066 0.068 0.159 0.049 0.047
0.35 0.488 0.168 0.17 0.506 0.148 0.153
0.53 0.831 0.389 0.395 0.823 0.383 0.389
0.71 0.973 0.684 0.683 0.958 0.673 0.681

(400,600) 0 0.049 0.05 0.056 0.053 0.046 0.048
0.12 0.15 0.059 0.061 0.166 0.059 0.062
0.25 0.449 0.117 0.118 0.506 0.118 0.113
0.38 0.807 0.247 0.256 0.825 0.277 0.277
0.5 0.972 0.521 0.517 0.968 0.53 0.537

(800,1200) 0 0.04 0.056 0.057 0.048 0.043 0.043
0.12 0.251 0.06 0.063 0.249 0.068 0.068
0.25 0.793 0.155 0.153 0.762 0.161 0.164
0.37 0.984 0.413 0.414 0.98 0.399 0.401
0.49 1 0.782 0.784 1 0.752 0.756

and C2, Table 4 implies that the uniform random direction is less powerful than the default
one. Comparing Cases C1, C3, and C4, we can see from Table 4 that the differences in power
for the three different kn methods are moderate. This implies that the performance of the

TABLE 4
The empirical power of Tn with different α, kn and sparsity of signals

δ C1 C2 C3 C4 C5 C6

0 0.047 0.038 0.055 0.055 0.047 0.047
0.125 0.195 0.055 0.233 0.246 0.067 0.328
0.250 0.673 0.140 0.734 0.737 0.128 0.888
0.375 0.952 0.337 0.970 0.967 0.299 0.997
0.500 0.997 0.653 0.999 0.998 0.491 1.000
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TABLE 5
Summary of Significant(S) and nonsignificant(NS) results for GO groupings regressed against 204531_s_at

expression at significance level 0.05

No Yes

Bonferroni correction New (S) New (NS) New (S) New (NS)

ZC (S) 5 9 0 0
ZC (NS) 5 118 2 135

proposed test is robust to different values of kn. Comparing Cases C1, C5, and C6, we see
that the proposed test has the highest power in Case C6, and has the lowest power in Case
C5. This is expected since the signals in Case C6 are the strongest, while the signals in Case
C5 are the weakest.

3.3. Real data analysis. In this section, we demonstrate the proposed methodology via
an application to the transNOAH breast cancer trial (GEO series GSE50948), which can be
found at http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE50948 (Prat et al. (2014)).
The data consists of genome-wide gene expression profiling from biopsies from 114 pre-
treated patients with HER2 positive tumors, along with 42 patients with HER2-negative tu-
mors as a control cohort. From this data, we used the two Affymetrix Probe Set IDs associated
with BRCA1, 204531_s_at and 211851_x_at, as our two response variables, while grouping
the remaining Probe Set IDs by Gene Ontology (GO) Molecular Function IDs to provide a
robust 137 sets of predictors for testing. Since this paper focuses on high-dimensional regres-
sion problems, only GO IDs with more than 158 Probe Set IDs were used in this empirical
analysis. Our goal here is to determine if, for any of these covariates, the coefficients in the
vector β = {β1, . . . , βp} are significantly different than zero, and thus intend to test

(15) H0 : β = 0 versus H1 : β �= 0.

To construct the test statistic Tn, we first create the necessary score equation vectors z =
(x − x̄){(y − ȳ − (x − x̄)�β0} = xy under the null hypothesis. As in our simulation study
in the previous section, we set α = 1p/

√
p and kn = (p/ lnp)1/2. For 211851_x_at, both our

method and Zhong and Chen found statistical significance for all sets of predictors, and thus
the results are excluded here. For 204531_s_at, Table 5 provides the number of predictor sets
on which the new method and ZC test agreed and disagreed. Specific test statistics results for
each GO set can be found in Table S.8 in the Supplementary Material (Zhao et al. (2024)).
The new method identifies as significant two GO groups with Bonferroni correction, while
the ZC method fails to detect these two GO groups.

4. Concluding remarks. Testing on high-dimensional regression coefficients in linear
models plays an important role in the analysis of high-dimensional data. In this paper, we
develop a new procedure for testing high-dimensional regression coefficients. We further
establish the asymptotic normality of the proposed test statistic. Our simulation study implies
that the limiting null distribution can be directly used for calculating the critical value of the
proposed test. Our numerical comparison demonstrates that the proposed test outperforms
the existing ones in terms of power.

APPENDIX: PROOFS OF LEMMAS 2.1 AND 2.2

PROOF OF LEMMA 2.1. Note that the left-hand side in (10) is invariant under an orthog-
onal transformation on the regression coefficient vector and x in the sense that β∗ = Qβ ,

http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE50948
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β0∗ = Qβ0 and xi∗ = Qxi , which implies that cov(xi∗) = Q�XQ�. Thus, without loss of
generality, assume that �X is a diagonal matrix, and denote �X = diag(σ 2

1 , . . . , σ 2
p).

Let Sn,p = n(n‖z̄β‖2 − tr(SZβ )), we have

Sn,p =
p∑

k=1

σ 2
k

(
n∑

i=1

εiX0ik

)2

−
p∑

k=1

σ 2
k

(
n∑

i=1

ε2
i X

2
0ik

)
,

where p is the number of covariates in X which grows with n.
We want to establish the asymptotic normality of Sn,p using the central limit theorem

(CLT) for martingales. We divide our proof into three steps. Step 1 shows that {Sn,p, n ≥ 1}
is a zero-mean square-integrable martingale with filtration Fn, where Fn is the σ -field gen-
erated by the random variables εi , i = 1,2, . . . , n, and X0ik , i = 1,2, . . . , n, k = 1,2, . . . , p.
Steps 2 and 3 check the conditions of the CLT for Sn,p . Namely, Step 2 shows the variance
of Sn,p , s2

n , to be

s2
n = 2n(n − 1) tr

(
�2

Zβ

)= 2n(n − 1)σ 4
p∑

k=1

σ 4
k ,

and that d2
n

s2
n

= 1, where d2
n is the quadratic variation which is defined as d2

n :=∑n
i=1 E((Si,p −

Si−1,p)2|Fi−1). Step 3 checks Lyapunov’s condition for Sn,p

1

s2+δ
n

n∑
i=1

E
(
(Si,p − Si−1,p)2+δ)→ 0

as n → ∞ for δ = 2.
Step 1: We have Fi ⊆Fj for i < j , and

E(Sn,p − Sn−1,p|Fn−1) = E(Un|Fn−1),

where

Un =
p∑

k=1

σ 2
k

[(
n∑

i=1

εiX0ik

)2

−
(

n−1∑
i=1

εiX0ik

)2]
− ε2

n

p∑
k=1

σ 2
k X2

0nk.

Furthermore, we have

E(Un|Fn−1) = E

( p∑
k=1

σ 2
k

[(
n∑

i=1

εiX0ik

)2

−
(

n−1∑
i=1

εiX0ik

)2]∣∣∣Fn−1

)

− E

(
ε2
n

p∑
k=1

σ 2
k X2

0nk

∣∣∣Fn−1

)

= E

( p∑
k=1

σ 2
k

[
ε2
nX2

0nk + 2εnX0nk

(
n−1∑
i=1

εiX0ik

)]∣∣∣Fn−1

)

− E

(
ε2
n

p∑
k=1

σ 2
k X2

0nk

∣∣∣Fn−1

)

= E

( p∑
k=1

σ 2
k ε2

nX2
0nk

∣∣∣Fn−1

)
− E

(
ε2
n

p∑
k=1

σ 2
k X2

0nk

∣∣∣Fn−1

)

= 0.
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Moreover, since εi and X0ik have bounded fourth order moments, Sn,p is a square-integrable
martingale with respect to the σ -field Fn.

Step 2: We first calculate the variance of Sn,p . Since s2
n = Var(Sn,p) = E(S2

n,p), we have

s2
n =

p∑
k=1

σ 4
k E

[(
n∑

i=1

εiX0ik

)2

−
n∑

i=1

ε2
i X2

0ik

]2

+ 2
∑

1≤k1<k2≤p

σ 2
k1

σ 2
k2

E(tnk1k2),

where

tnk1k2 =
[(

n∑
i=1

εiX0ik1

)2

−
n∑

i=1

ε2
i X2

0ik1

][(
n∑

i=1

εiX0ik2

)2

−
n∑

i=1

ε2
i X2

0ik2

]
,

and we have

E(tnk1k2) = E
[
E(tnk1k2 |εi, i = 1,2, . . . , n)

]= 0.

Hence,

s2
n =

p∑
k=1

σ 4
k E

[(
n∑

i=1

εiX0ik

)2

−
n∑

i=1

ε2
i X2

0ik

]2

=
p∑

k=1

σ 4
k E
[
2

∑
1≤i1<i2≤n

εi1εi2X0i1kX0i2k

]2

=
p∑

k=1

4σ 4
k

{ ∑
1≤i1<i2≤n

E
[
ε2
i1
ε2
i2
X2

0i1k
X2

0i2k

]}=
p∑

k=1

2n(n − 1)σ 4
k σ 4.

For d2
n =∑n

i=1 E((Si,p − Si−1,p)2|Fi−1), we have

d2
n =

n∑
i=1

E
(
(Si,p − Si−1,p)2|Fi−1

)=
n∑

i=1

E
(
U2

i |Fi−1
)
.

As a result, we have that

E
(
U2

n |Fn−1
)= 4E

([ p∑
k=1

σ 2
k

(
εnX0nk

(
n−1∑
i=1

εiX0ik

))]2

|Fn−1

)

= 4σ 2
p∑

k=1

σ 4
k

[(
n−1∑
i=1

εiX0ik

)2]
.

To establish the condition for the central limit theorem for the martingale Sn,p , we need to

check that d2
n

Ed2
n

p→ 1. To show d2
n

Ed2
n

p→ 1, we only need to show Var(d2
n)

(Ed2
n)2 → 0. It is easy to have

(
Ed2

n

)2 ∼ n4

( p∑
k=1

σ 4
k

)2

∼ n4 tr2(�2
X

)
,

where m ∼ n means that m and n are of the same order asymptotically. For Var(d2
n), we have

Var
(
d2
n

)= Var

(
n∑

i=1

E
(
U2

i |Fi−1
))= O

(
n2)Var

(
E
(
U2

n |Fn−1
))

= O
(
n2)Var

(
σ 2

p∑
k=1

σ 4
k

[(
n−1∑
i=1

εiX0ik

)2])
(16)
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= O
(
n2) p∑

k=1

σ 8
k Var

([(
n−1∑
i=1

εiX0ik

)2])

+ O
(
n2) p∑

k<j

σ 4
k σ 4

j Cov

((
n−1∑
i=1

εiX0ik

)2

,

(
n−1∑
i=1

εiX0ij

)2)
.

Furthermore, we have

Var

([(
n−1∑
i=1

εiX0ik

)2])
≤ E

[(
n−1∑
i=1

εiX0ik

)4]
= O

(
n2).

Also, for 1 ≤ k < j ≤ p, we have

Cov

((
n−1∑
i=1

εiX0ik

)2

,

(
n−1∑
i=1

εiX0ij

)2)

= Cov

(
n−1∑
i=1

ε2
i X2

0ik + 2
n−1∑
i<m

εiX0ikεmX0mk,

n−1∑
i=1

ε2
i X2

0ij + 2
n−1∑
i<m

εiX0ikεmX0mj

)

=
n−1∑
i=1

Cov
(
ε2
i X2

0ik, ε
2
i X

2
0ij

)= O(n).

In sum, we have that

Var
(
d2
n

)= O

(
n4

p∑
k=1

σ 8
k

)
+ O

(
n3

( p∑
k=1

σ 4
k

)2)
= O

(
n4 tr

(
�4

X

))+ O
(
n3 tr2(�2

X

))
= o

((
Ed2

n

)2)
.

Thus, we have shown that d2
n

Ed2
n

p→ 1, which finishes the proof of Step 2.

Step 3: In this step, we check Lyapunov’s condition for Sn,p . We want to show that
1

s2+δ
n

∑n
i=1 E((Si,p − Si−1,p)2+δ) → 0 as n → ∞ for δ = 2. We have

1

s4
n

n∑
i=1

E
(
(Si,p − Si−1,p)4)= 1

s4
n

n∑
i=1

Si1,

where Si1 is denoted as Sn1 below for ease of notation, and

Sn1 = 16E

([ p∑
k=1

σ 2
k εnX0nk

{
n−1∑
i=1

εiX0ik

}]4)
.

We want to show that
∑n

i=1 Si1 = o(s4
n). For Sn1, we have that

16E

([ p∑
k=1

σ 2
k εnX0nk

{
n−1∑
i=1

εiX0ik

}]4)

= 16E
(
ε4
n

)
E

( p∑
k=1

σ 8
k X4

0nk

[
n−1∑
i=1

εiX0ik

]4)

+ 16E
(
ε4
n

)
E

(
6

p∑
k �=j

σ 4
k X2

0nk

[
n−1∑
i=1

εiX0ik

]2

σ 4
j X2

0nj

[
n−1∑
i=1

εiX0ij

]2)
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= 16E
(
ε4
n

)
(

p∑
k=1

σ 8
k E
[
X4

0nk

](n−1∑
i=1

E
[
ε4
i

]
E
[
X4

0ik

]+ 6
n−1∑
i �=j

E
[
ε2
i

]
E
[
X2

0ik

]
E
[
ε2
j

]
E
[
X2

0jk

])

+ 96E
(
ε4
n

)[ p∑
k �=j

σ 4
k σ 4

j

(
n−1∑
i=1

E
(
ε4
i

)+ (n − 1)(n − 2)σ 4 + 4
n−1∑
i �=h

σ 4

)]
.

Furthermore, since the fourth-order moments of εi and X0ik are bounded, we get that

Sn1 = O

(
n2

( p∑
k=1

σ 8
k

))
+ O

(
n2

( p∑
k=1

σ 4
k

)2)
= O

(
n2 tr

(
�4

X

))+ O
(
n2 tr2(�2

X

))
.

Then we have
∑n

i=1 Si1 = o(s4
n), which completes the proof of Lemma 2.1. �

PROOF OF LEMMA 2.2. For the first term nWn in the numerator, we have

nWn = nb̃2
n − n

(
b̃2
n − b2

n

)− tr(�1),

where bn = {‖z̄‖2 + kn|αT z̄|2}1/2, b̃n = {‖z̄β0‖2 + kn|αT z̄β0 |2}1/2, and ‖ · ‖ is the Euclidean
L2 norm. Furthermore, under the local alternative hypothesis (7), we have that∣∣b2

n − b̃2
n

∣∣≤ ∣∣‖z̄‖2 − ‖z̄β0‖2∣∣+ kn

(∣∣αT z̄β0

∣∣2 + ∣∣αT z̄
∣∣2)

= ∣∣(z̄ − z̄β0)
�(z̄ + z̄β0)

∣∣+ op

(√
tr
(
�2

X

)
/n
)

≤ ∣∣(z̄ − z̄β0)
�(E(z) + E(zβ0)

)∣∣+ op

(‖z̄ − z̄β0‖
)+ op

(√
tr
(
�2

X

)
/n
)

= op

(‖z̄ − z̄β0‖
)+ op

(√
tr
(
�2

X

)
/n
)
,

where the last equality is from ‖E(z) + E(zβ0)‖ = Op(n−1/2). From the definition of z and
zβ0 , we get

z̄ − z̄β0 = (x̄ − μX)(x̄ − μX)�(β − β0) + (μX − x̄)ε̄,

and

‖z̄ − z̄β0‖ ≤ ∥∥(x̄ − μX)(x̄ − μX)�(β − β0)
∥∥+ ∥∥(μX − x̄)ε̄

∥∥= Op

(√
tr
(
�2

X

)
/n
)
.

Hence, n(b̃2
n − b2

n) = op(
√

tr(�2
X)). Additionally, we have

nWn = nb̃2
n − tr(�1) + op

(√
tr
(
�2

X

))
.

We also have

nWn − n
(‖δz‖2 + kn

∣∣αT δz

∣∣2)= nb̃2
n − n

(‖δz‖2 + kn

∣∣αT δz

∣∣2)− tr(�1) + op

(√
tr
(
�2

X

))
.

For nb̃2
n − n(‖δz‖2 + kn|αT δz|2), we have

nb̃2
n − n

(‖δz‖2 + kn

∣∣αT δz

∣∣2)
= n

(‖z̄β0‖2 + kn

∣∣αT z̄β0

∣∣2)− n
(‖δz‖2 + kn

∣∣αT δz

∣∣2)
= n

(‖z̄β0 − δz‖2 + kn

∣∣αT (z̄β0 − δz)
∣∣2)+ 2n

{
(z̄β0 − δz)

�δz + knα
�(z̄β0 − δz)δ

�
z α

}
.

The second term 2n{(z̄β0 − δz)
�δz + knα

�(z̄β0 − δz)δ
�
z α} is of order op(

√
tr(�2

X)). In fact,
we have

E
((

2n(z̄β0 − δz)
�δz

)2)= Op

(
n2)E[(z̄�

β δz

)2]= Op

(
nδ�

z �Xδz

)= op

(
tr
(
�2

X

))
,
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and

E
((

2nknα
�(z̄β0 − δz)δ

�
z α

)2)= Op

(
nk2

n

(
α�δz

)2
α��Xα

)= op

(
tr
(
�2

X

))
.

Hence, the second term is of order op(
√

tr(�2
X)). Furthermore, for the first term we have

n
(‖z̄β0 − δz‖2 + kn

∣∣αT (z̄β0 − δz)
∣∣2)

= n
(‖z̄β‖2 + kn

∣∣αT z̄β

∣∣2)+ n(z̄β0 − z̄β − δz)
�(z̄β0 + z̄β − δz)

+ knnα�(z̄β0 − z̄β − δz)(z̄β0 + z̄β − δz)
�α

= n
(‖z̄β‖2 + kn

∣∣αT z̄β

∣∣2)+ op

(√
tr
(
�2

X

))
.

The last equality holds because ‖z̄β0 − z̄β − δz‖ = Op(n−1) and ‖z̄β0 + z̄β − δz‖ = Op(1).
In sum, we have that

nWn − n(‖δz‖2 + kn|αT δz|2)
{2 tr(�2)}1/2

= n(‖z̄β‖2 + kn|αT z̄β |2) − tr(�1)

{2 tr(�2)}1/2 + op(
√

tr(�2
X))

{2 tr(�2)}1/2

= n(‖z̄β‖2 + kn|αT z̄β |2) − tr(�1)

{2 tr(�2)}1/2 + op(1).

Let Tn1 = n(‖z̄β‖2 + kn|αT z̄β |2) − tr(�1). Similar to Step 2 in the proof of Lemma 2.1,
we can show that E(Tn1) = 0 and Var(Tn1) = 2n−1

n
tr(�2). Tn1 can be further decomposed

as Tn1 = Tn2 + Tn3 − Tn4, where Tn2 = n‖z̄β‖2 − tr(SZβ ), Tn3 = nkn|αT z̄β |2, and Tn4 =
knα

�SZβ α. From Lemma 2.1, we know that Tn2√
2σ 4 tr(�2

X)

d→ N(0,1). Since Tn3 and Tn4 are

both nonnegative, and it is easy to verify that E(Tn3) = E(Tn4) = op(
√

tr(�2
X)), both Tn3 and

Tn4 are of order op(
√

tr(�2
X)). Hence, we have

Tn1√
2σ 4 tr(�2

X)
= Tn2√

2σ 4 tr(�2
X)

+ Tn3 − Tn4√
2σ 4 tr(�2

X)

d→ N(0,1).

Furthermore, we have

tr(�2) = σ 4 tr
(
�2

X

)+ 2knσ
4α��2

Xα + k2
nσ

4(α��Xα
)2 = σ 4 tr

(
�2

X

)+ o
(
tr
(
�2

X

))
.

Hence,

√
2σ 4 tr(�2

X)√
2 tr(�2)

→ 1 in probability. In sum, we have that

Tn1√
2 tr(�2)

=
√

2σ 4 tr(�2
X)√

2 tr(�2)

Tn1√
2σ 4 tr(�2

X)

d→ N(0,1),

which completes the proof of Lemma 2.2. �
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