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S.1. Technical Lemmas. In this section, we provide some technical lemmas used in our proofs
in Sections 2 and 3.

Lemma S.1.1 (Bernstein’s inequality for random matrices (Tropp et al., 2015)). Let {Vk} be
a sequence of independent random matrices with dimensions d1 × d2. Assume that EVk = 0 and
‖Vk‖2 ≤ Rn almost surely. Define

σ2
n = max

{∥∥∥ n∑
k=1

E(VkV
>
k )
∥∥∥

2
,
∥∥∥ n∑
k=1

E(V>k Vk)
∥∥∥

2

}
.

Then, for all t ≥ 0,

(S.1) P
(∥∥∥ n∑

k=1

Vk

∥∥∥
2
≥ t
)
≤ (d1 + d2) exp

(
− t2/2

σ2
n +Rnt/3

)
.

Moreover, when ‖Vk‖2 is not uniformly bounded, we still have

(S.2)
(
E
∥∥∥ n∑
k=1

Vk

∥∥∥2

2

)1/2
.
(
σ2
n log(d1 + d2)

)1/2
+ (Emax

k
‖Vk‖22)1/2 log(d1 + d2).

Lemma S.1.2. Recall that

S̄∗k(θ
∗) =

1

n

n∑
i=1

(Zi −UiW∗
k)
TA

1/2
i (β∗)TkA

−1/2
i (β∗)(Yi − µ∗i ) ∈ Rd0 .

Suppose that Assumptions 2.1 — 2.5 and d0(logn)2 log d0

n = o(1) hold. Then

(S.3) max
1≤k≤K

∥∥∥∇S̄∗k(θ
∗)− g0k(θ

∗)
∥∥∥

2
= OP(

√
d0 log d0/n),

max
1≤k≤K

∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
TA

1/2
i (β∗)TkA

1/2
i (β∗)(Zi −UiW∗

k)− g0k(θ
∗)
∥∥∥

2
= OP(

√
d0 log d0/n),

and

max
1≤k≤K

∥∥∥ 1

n

n∑
i=1

ZiA
1/2
i (β∗)TkA

1/2
i (β∗)Zi − E(ZiA

1/2
i (β∗)TkA

1/2
i (β∗)Zi)

∥∥∥
2

= OP(
√
d0 log d0/n).
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Recall that

S∗ik(θ) = (Zi −UiW∗
k)
TA

1/2
i (β∗)TkA

−1/2
i (β∗)

{
Yi − µi(θ,γ∗)

}
,(S.4)

S∗i (θ) =
(
S∗Ti1 (θ), ..., S∗TiK (θ)

)T ∈ Rd0K .(S.5)

Finally, we have

(S.6)
∥∥∥ 1

n

n∑
i=1

S∗i (θ
∗)S∗Ti (θ∗)−C∗

∥∥∥
2

= OP(
√
d0 log d0(log n)2/n).

Proof. We prove this result by applying Lemma S.1.1. In particular, we focus on (S.3) and
(S.6) and the rest of the results follow from the same argument. To show (S.3), we take

Vi = n−1[(Zi −UiW∗
k)
TA

1/2
i (β∗)TkA

1/2
i (β∗)Zi − E{(Zi −UiW∗

k)
TA

1/2
i (β∗)TkA

1/2
i (β∗)Zi}].

It is easily seen that

‖Vi‖2 ≤ n−1
[
‖(Zi −UiW∗

k)
TA

1/2
i (β∗)TkA

1/2
i (β∗)Zi‖2 + ‖E{(Zi −UiW∗

k)
TA

1/2
i (β∗)TkA

1/2
i (β∗)Zi}‖2

]
≤ n−1

[
tr((Zi −UiW∗

k)
TA

1/2
i (β∗)TkA

1/2
i (β∗)Zi) + ‖Hkθθ −HkθγH−1

kγγHkγθ‖2
]

. d0/n,

where in the last step we use boundedness assumption on each entries of Zi and UiW
∗
k, and

‖Hkθθ −HkθγH−1
kγγHkγθ‖2 ≤ sup

‖v‖2=1
E[(Ziv)TA

1/2
i (β∗)T−1

k A
1/2
i (β∗)(Ziv)]

≤ sup
‖v‖2=1

E[‖Ziv‖22‖Ai(β
∗)‖2‖T−1

k ‖2]

. λmax(E(ZT
i Zi)),

which is bounded by Assumptions 2.5 and 2.4. Denote Ψi = A
1/2
i (β∗)TkA

1/2
i (β∗). Moreover,∥∥∥ n∑

i=1

E(ViV
>
i )
∥∥∥

2
= n−1

∥∥∥E(Zi −UiW∗
k)
TΨiZiZ

T
i Ψi(Zi −UiW∗

k)− (Hkθθ −HkθγH−1
kγγHkγθ)⊗2

∥∥∥
2

≤ n−1
(
‖E(Zi −UiW∗

k)
TΨiZiZ

T
i Ψi(Zi −UiW∗

k)‖2 + C
)

. d0/n,

where C is a constant, and the last step follows from

‖E(Zi −UiW∗
k)
TΨiZiZ

T
i Ψi(Zi −UiW∗

k)‖2
= sup
‖v‖2=1

E[(Zi −UiW∗
k)v]TΨiZiZ

T
i Ψi[(Zi −UiW∗

k)v]

≤ sup
‖v‖2=1

E[(Zi −UiW∗
k)v]TΨi[(Zi −UiW∗

k)v]‖Ψ1/2
i ZiZ

T
i Ψ

1/2
i ‖2

≤ sup
‖v‖2=1

E[(Zi −UiW∗
k)v]TΨi[(Zi −UiW∗

k)v]tr(Ψ
1/2
i ZiZ

T
i Ψ

1/2
i )

= sup
‖v‖2=1

E[(Zi −UiW∗
k)v]TΨi[(Zi −UiW∗

k)v]tr(ZT
i Ψ

1/2
i Zi)

. d0‖Hkθθ −HkθγH−1
kγγHkγθ‖2.
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Similarly, we can check∥∥∥ n∑
i=1

E(VT
i Vi)

∥∥∥
2

= n−1
∥∥∥EZT

i Ψi(Zi −UiW∗
k)(Zi −UiW∗

k)
TΨiZi − (Hkθθ −HkθγH−1

kγγHkγθ)⊗2
∥∥∥

2

≤ n−1
(
‖EZT

i Ψi(Zi −UiW∗
k)(Zi −UiW∗

k)
TΨiZi‖2 + C

)
. d0/n,

since after similar calculation we have

‖EZT
i Ψi(Zi −UiW∗

k)(Zi −UiW∗
k)
TΨiZi‖2 . d0λmax(E(ZT

i Zi)).

Note that
√
d0 log d0/n = o(1). Now, if we take t = C

√
d0 log d0/n in Lemma S.1.1 (S.1) for some

constant C sufficiently large, then we have

P(‖
n∑
k=1

Vk‖2 ≥ t) ≤ 2d0 exp(−C ′ log d0)

for some C ′ > 1. Then, the right hand side converges to 0, as d0 → ∞. Finally, we notice that K
is finite. This completes the proof of (S.3). To show (S.6), we take

Vi = n−1(S∗i (θ
∗)S∗Ti (θ∗)−C∗).

Thus, ∥∥∥ n∑
i=1

E(ViV
>
i )
∥∥∥

2
= n−1

∥∥∥ES∗i (θ
∗)S∗Ti (θ∗)S∗i (θ

∗)S∗Ti (θ∗)−C∗C∗
∥∥∥

2

≤ n−1
(
‖ES∗i (θ

∗)S∗Ti (θ∗)S∗i (θ
∗)S∗Ti (θ∗)‖2 + C

)
. n−1

∥∥∥E‖S∗i (θ∗)‖22S∗i (θ∗)S∗Ti (θ∗)
∥∥∥

2

. d0n
−1
∥∥∥E‖Yi − µ∗i ‖22S∗i (θ∗)S∗Ti (θ∗)

∥∥∥
2
,

where the third step holds because S∗Ti (θ∗)S∗i (θ
∗) = ‖S∗i (θ∗)‖22 and the last step holds by the

boundedness assumption implied by the previous proof. From the last line, we will further bound
the spectral norm as follows∥∥∥E‖Yi − µ∗i ‖22S∗i (θ∗)S∗Ti (θ∗)

∥∥∥
2

≤ sup
‖v‖2=1

E‖Yi − µ∗i ‖22|S∗Ti (θ∗)v|2I(‖Yi − µ∗i ‖2 ≤ κ) + sup
‖v‖2=1

E‖Yi − µ∗i ‖22|S∗Ti (θ∗)v|2I(‖Yi − µ∗i ‖2 > κ)

≤ κ2 sup
‖v‖2=1

E|S∗Ti (θ∗)v|2I(‖Yi − µ∗i ‖2 ≤ κ) + E‖Yi − µ∗i ‖22‖S∗Ti (θ∗)‖22I(‖Yi − µ∗i ‖2 > κ)

. κ2 sup
‖v‖2=1

E|S∗Ti (θ∗)v|2 + d0E‖Yi − µ∗i ‖42I(‖Yi − µ∗i ‖2 > κ)

≤ κ2‖C∗‖2 + d0(E‖Yi − µ∗i ‖82)1/2(P(‖Yi − µ∗i ‖2 > κ))1/2

. (log n)2,
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where we pick κ = C log n for some sufficiently large constant C. In the last step, we use the sub-
exponential property for each entry of Yi − µ∗i ∈ Rm. First, clearly E‖Yi − µ∗i ‖82 is bounded by a
constant, and moreover

P(‖Yi − µ∗i ‖2 > κ) ≤ C1 exp(−C2κ) . n−2

as we pick a sufficiently large constant C and d0/n = o(1). Thus, σ2
n . d0n

−1(log n)2. Then, consider

Emax
i
‖Vi‖22 . n−2Emax

i
‖S∗i (θ∗)S∗Ti (θ∗)‖22

≤ n−2Emax
i
‖S∗i (θ∗)‖42

. d2
0n
−2Emax

i
‖Yi − µ∗i ‖42

. d2
0n
−2(log n)4,

where again the last step follows from the sub-exponential property. Thus, we can now apply (S.2),
which yields (

E
∥∥∥ n∑
i=1

Vi

∥∥∥2

2

)1/2
.
(d0(log n)2 log d0

n

)1/2
+
d0(log n)2 log d0

n
.

Thus, (S.6) holds by the Markov inequality and d0(logn)2 log d0

n = o(1).

Lemma S.1.3. Under Assumption 2.1, we have∥∥∥ 1

n

n∑
i=1

m∑
j=1

Xij

{
Yij − µij(XT

ijβ
∗)
}∥∥∥
∞
.

√
log d

n
.

Proof. We can easily show that for any 1 ≤ l ≤ d,

‖
m∑
j=1

Xijl

{
Yij − µij(XT

ijβ
∗)
}
‖ψ1 ≤

m∑
j=1

‖Xijl

{
Yij − µij(XT

ijβ
∗)
}
‖ψ1 ≤ Cm‖εij‖ψ1 ≤ C ′

for some constants C,C ′ > 0. Then, the lemma follows by the Bernstein inequality.

Lemma S.1.4. Without loss of generality, assume that d0 = 1. Under Assumptions 2.1, 2.2,

2.3, 2.4 and 2.5 and s
√

log d
n = o(1), for any set S ⊂ {1, ..., d − 1} where |S| � s′ and any vector

v belonging to the cone C(ξ,S) = {v ∈ Rd−1 : ‖vS̄‖1 ≤ ξ‖vS‖1} for some positive constant ξ, it
holds that

inf
06=v∈C(ξ,S)

s1/2
{
vTŴv

}1/2

‖vS‖1
≥ C > 0,

with probability tending to one, where

Ŵ =
1

n

n∑
i=1

UT
i A

1/2
i (β̂)TkA

1/2
i (β̂)Ui.

Proof. Let

W =
1

n

n∑
i=1

UT
i A

1/2
i (β∗)TkA

1/2
i (β∗)Ui.
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Denote
Ψi = A

1/2
i (β∗)TkA

1/2
i (β∗), Ψ̂i = A

1/2
i (β̂)TkA

1/2
i (β̂).

By the consistency of β̂, we can easily verify that

|vT (Ŵ −W)v| =
∣∣∣ 1
n

n∑
i=1

vTUT
i (Ψ̂i −Ψi)Uiv

∣∣∣
.
∣∣∣ 1
n

n∑
i=1

(Uiv)TΨi(Uiv)
∣∣∣max

i
‖Ψ̂i −Ψi‖2

= op(v
TWv).

By vTŴv ≥ vTWv − |vT (Ŵ −W)v| ≥ (1 − op(1))vTWv, we only need to separately bound
vTWv from the below. Since λmin(Ψi) ≥ C > 0, we have

vTWv ≥ C · 1

n

n∑
i=1

vTUT
i Uiv

≥ λmin(EUT
i Ui)‖v‖22 − ‖v‖21

∥∥∥ 1

n

n∑
i=1

UT
i Ui − EUT

i Ui

∥∥∥
max

≥ C‖vS‖21/s− (1 + ξ)2‖vS‖21

√
log d

n

≥ C ′s−1‖vS‖21,

where we apply the concentration result similar to Lemma S.1.5 and the last step holds due to the

condition s
√

log d
n = o(1). Thus,

s1/2
{
vTŴv

}1/2

‖vS‖1
≥ (1− op(1))C

′1/2‖vS‖1
‖vS‖1

≥ C ′′ > 0.

This completes the proof.

Lemma S.1.5. Suppose that Assumptions 2.1 — 2.5 hold. We have∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
TA

1/2
i (β∗)TkA

1/2
i (β∗)Ui

∥∥∥
max
.

√
log d

n
,

∥∥∥ 1

n

n∑
i=1

UT
i A

1/2
i (β∗)TkA

1/2
i (β∗)(Yi − µi(θ∗,γ∗))

∥∥∥
∞
.

√
log d

n
.

Proof. The proof is similar to Lemma S.1.3 by noting that for j ∈ [d− d0] and ` ∈ [d0]

|(Zi −UiW∗
k)
T
` A

1/2
i (β∗)TkA

1/2
i (β∗)Uij | ≤ ‖(Zi −UiW∗

k)`‖2‖Ai(β
∗)‖2‖Tk‖2‖Uij‖2

is bounded, E[(Zi −UiW∗
k)
TA

1/2
i (β∗)TkA

1/2
i (β∗)Ui] = 0 and the use of Hoeffding inequality and

the union bound. To show the second result, we denote the jth row of UT
i A

1/2
i (β∗)TkA

1/2
i (β∗) as

5



hj ∈ Rm. Following the similar argument, we can verify that ‖hj‖∞ ≤ C. Then

P(|hj(Yi − µi(θ∗,γ∗))| ≥ t) ≤ P(C‖Yi − µi(θ∗,γ∗)‖1 ≥ t)

≤
m∑
k=1

P(|(Yi − µi(θ∗,γ∗))k| ≥
t

Cm
) ≤ c1 exp(−c2t),

for some constants c1, c2 > 0, where the last step follows from the sub-exponential assumption in
2.1. The conclusion holds by applying the Bernstein inequality for the average of sub-exponential
random variables and the union bound.

Define
‖A‖L1 := max

j

∑
i

|Aij |

to be the maximum absolute column sum of the matrix A.

Lemma S.1.6. Under Assumptions 2.1, 2.2, 2.3, 2.4 and 2.5, if λ � λ′ �
√
n−1 log d and

s
√

log d
n = o(1), we have that

(S.7) sup
1≤k≤K

‖Ŵk −W∗
k‖L1 = OP

(
max(s, s′)

√
log d

n

)
,

(S.8)

sup
1≤k≤K

tr
( 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

TA
1/2
i (β∗)TkA

1/2
i (β∗)[Ui(Ŵk −W∗

k)]
)

= OP

(max(s, s′)d0 log d

n

)
.

Proof of Lemma S.1.6. Since the minimization problem is decomposable for Ŵk, we will
focus on the property of (Ŵk)·j for 1 ≤ j ≤ d0. For notational simplicity, denote ŵ = (Ŵk)·j ,

w∗ = (W∗
k)·j , ∆̂ = ŵ −w∗,

Ψi = A
1/2
i (β∗)TkA

1/2
i (β∗), Ψ̂i = A

1/2
i (β̂)TkA

1/2
i (β̂),

and zij to be the jth column of Zi. By definition of Ŵk, it is easily seen that

1

n

n∑
i=1

(zij −Uiŵ)T Ψ̂i(zij −Uiŵ) + λ′‖ŵ‖1 ≤
1

n

n∑
i=1

(zij −Uiw∗)T Ψ̂i(zij −Uiw∗) + λ′‖w∗‖1.

Let

V =
1

n

n∑
i=1

(Ui∆̂)T Ψ̂i(Ui∆̂), I =
2

n

n∑
i=1

(zij −Uiw∗)T Ψ̂i(Ui∆̂).

The above inequality is equivalent to

(S.9) V ≤ I + λ′‖w∗‖1 − λ′‖ŵ‖1.

Let S′ denote the support set of w∗ and S̄′ denote its complement. We have

λ′‖w∗‖1 − λ′‖ŵ‖1 ≤ λ′‖w∗S′‖1 − λ′‖ŵS′‖1 − λ′‖ŵS̄′‖1 ≤ λ′‖∆̂S′‖1 − λ′‖∆̂S̄′‖1.
6



Let rij = zij −Uiw∗. Note that for I, we have

I =
2

n

n∑
i=1

rTijΨi(Ui∆̂) +
2

n

n∑
i=1

rTij(Ψ̂i −Ψi)(Ui∆̂)

≤
∥∥∥ 2

n

n∑
i=1

rTijΨiUi

∥∥∥
∞
‖∆̂‖1 +

∣∣∣ 2
n

n∑
i=1

(Ui∆̂)T Ψ̂i(Ui∆̂)
∣∣∣1/2∣∣∣ 2

n

n∑
i=1

rTij(Ψ̂i −Ψi)Ψ̂
−1
i (Ψ̂i −Ψi)ri

∣∣∣1/2
≤ C

√
log d

n
‖∆̃‖1 + (2V )1/2

( 2

n

n∑
i=1

‖rij‖22‖Ψ̂i −Ψi‖22‖Ψ̂−1
i ‖2

)1/2
,

where the first inequality follows from the Hölder inequality and Cauchy-Schwartz inequality. In
particular, we apply Lemma S.1.5,

max
1≤j≤d0

∥∥∥ 2

n

n∑
i=1

rTijΨiUi

∥∥∥
∞
≤ C

√
log d

n
,

which holds uniformly over 1 ≤ j ≤ d0 with high probability. Let Ai = Ai(β
∗) and Âi = Ai(β̂). It

can be shown that

max
i
‖Ψ̂i −Ψi‖2 ≤ max

i
2‖A1/2

i ‖2‖Tk‖2‖Â
1/2
i −A

1/2
i ‖2 + max

i
‖Tk‖2‖Â

1/2
i −A

1/2
i ‖

2
2

. max
i

max
1≤j≤m

|µ1/2
ij (β̂)− µ1/2

ij (β∗)|+ max
i

max
1≤j≤m

|µ1/2
ij (β̂)− µ1/2

ij (β∗)|2

. max
i

max
1≤j≤m

|XT
ij(β̂ − β∗)| . s

√
log d

n
= op(1).

In addition,
λmin(Ψi) ≥ λmin(Ai)λmin(Tk) ≥ C > 0,

and similarly λmax(Ψi) is upper bounded by a constant. Thus, ‖Ψ̂−1
i ‖2 = 1

λmin(Ψ̂i)
≤ 1

λmin(Ψi)−‖Ψ̂i−Ψi‖2
is upper bounded by a constant uniformly over i. Moreover, ‖rij‖2 is bounded uniformly over i, j,
we have

2

n

n∑
i=1

‖rij‖22‖Ψ̂i −Ψi‖22‖Ψ̂−1
i ‖2 .

2

n

n∑
i=1

max
1≤j≤m

|µ1/2
ij (β̂)− µ1/2

ij (β∗)|2

≤ 2

n

n∑
i=1

max
1≤j≤m

|XT
ij(β̂ − β∗)|2

≤ 2

n

n∑
i=1

m∑
j=1

|XT
ij(β̂ − β∗)|2 .

s log d

n
.

Combining the bound for I and (S.9) and taking λ′ = 2C
√

log d
n , we obtain

V ≤ C ′
√
s log d

n
V 1/2 + 3C

√
log d

n
‖∆̂S′‖1 − C

√
log d

n
‖∆̂S̄′‖1,(S.10)

for some constants C and C ′. In particular, we note that the above inequality holds uniformly

over 1 ≤ j ≤ d0. Now, we consider two situations. If V 1/2 ≤ C ′
√

s log d
n , the inequality (S.8) holds

7



trivially. Otherwise, we have V 1/2 > C ′
√

s log d
n . In this case, V −C ′

√
s log d
n V 1/2 > 0, together with

(S.10), this implies 3‖∆̂S′‖1 ≥ ‖∆̂S̄′‖1. Due to this cone condition for ∆̂, we can apply Lemma
S.1.4 with ξ = 3 to conclude that ‖∆̂S′‖1 ≤ C ′′

√
s′V 1/2 for some constant C ′′. By (S.10),

V ≤ C ′
√
s log d

n
V 1/2 + 3CC ′′

√
s′ log d

n
V 1/2,

which implies that V 1/2 = OP(

√
max(s,s′) log d

n ).

To prove (S.7), we still consider two situations. First, if 6‖∆̂S′‖1 ≥ ‖∆̂S̄′‖1, then we have
‖∆̂‖1 ≤ 7‖∆̂S′‖1 ≤ C ′′

√
s′V 1/2, by Lemma S.1.4 with ξ = 6. Therefore, we obtain ‖∆̂‖1 =

OP(max(s, s′)
√

log d
n ). Otherwise, we have 6‖∆̂S′‖1 < ‖∆̂S̄′‖1. Together with (S.10), this implies

that

V ≤ C ′
√
s log d

n
V 1/2 − 3C

√
log d

n
‖∆̂S′‖1.

Hence,

‖∆̂‖1 ≤
7

6
‖∆̂S̄′‖1 ≤

7

6

(
3C

√
log d

n

)−1(
C ′
√
s log d

n
V 1/2 − V

)
≤ 7C ′

18C

√
sV 1/2.

Since V 1/2 = OP(

√
max(s,s′) log d

n ), we obtain (S.7). Finally,

∣∣∣V − 1

n

n∑
i=1

(Ui∆̂)TΨi(Ui∆̂)
∣∣∣ ≤ ∣∣∣ 1

n

n∑
i=1

(Ui∆̂)T (Ψ̂i −Ψi)(Ui∆̂)
∣∣∣

≤
∣∣∣ 1
n

n∑
i=1

(Ui∆̂)T Ψ̂i(Ui∆̂)
∣∣∣max

i
‖Ψ̂−1

i ‖2‖Ψ̂i −Ψi‖2 = op

(max(s, s′) log d

n

)
.

Thus,

tr
( 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

TΨi[Ui(Ŵk −W∗
k)]
)

≤ d0 max
1≤j≤d0

∣∣∣ 1
n

n∑
i=1

(Ui(Ŵk −W∗
k)·j)

TΨi(Ui(Ŵk −W∗
k)·j)

∣∣∣
.

max(s, s′)d0 log d

n
.

This completes the proof of (S.8)

Lemma S.1.7. Recall that ĝ(θ) = ∇Sn(θ) and g0(θ) = E
{
∇S∗i (θ)

}
. Under the conditions in

Theorem 2.7, we have

‖ĝ(θ̂)− g0(θ∗)‖2 = OP

(√(s ∨ s′)d0 log d

n

)
.

‖ĝ(θ∗)− g0(θ∗)‖2 = OP

(√(s ∨ s′)d0 log d

n

)
.

8



Proof. Note that

(S.11) ‖ĝ(θ̂)− g0(θ∗)‖2 ≤ ‖∇S̄∗n(θ∗)− g0(θ∗)‖2 + ‖∇S̄∗n(θ∗)−∇Sn(θ̂)‖2.

For notational simplicity, we only look at the kth block of ∇S̄∗n(θ∗), denoted by

∇S̄∗k(θ
∗) =

1

n

n∑
i=1

(Zi −UiW∗
k)
TA

1/2
i (β∗)TkA

1/2
i (β∗)Zi ∈ Rd0×d0 .

The corresponding block in g0(θ∗) is denoted by g0k(θ
∗). Lemma S.1.2 implies

(S.12) ‖S̄∗n(θ∗)− g0(θ∗)‖2 . max
1≤k≤K

‖∇S̄∗k(θ
∗)− g0k(θ

∗)‖2 = OP(
√
d0 log d0/n)

which gives the rate for the first term in (S.11). Now, we consider the second term,

‖∇S̄∗n(θ∗)−∇S̄n(θ̂)‖2 . max
1≤k≤K

‖∇S̄∗k(θ
∗)−∇S̄k(θ̂)‖2,

where again with a slight abuse of notation we use ∇S̄∗k(θ
∗) to denote the kth block of ∇S̄∗n(θ∗).

Recall that Ψi = A
1/2
i (β∗)TkA

1/2
i (β∗), Ψ̂i = A

1/2
i (β̂)TkA

1/2
i (β̂). Then

‖∇S̄∗k(θ
∗)−∇S̄k(θ̂)‖2

≤
∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
T (Ψ̂i −Ψi)Zi

∥∥∥
2

+
∥∥∥ 1

n

n∑
i=1

(UiW
∗
k −UiŴk)

TΨiZi

∥∥∥
2

+
∥∥∥ 1

n

n∑
i=1

(UiW
∗
k −UiŴk)

T (Ψ̂i −Ψi)Zi

∥∥∥
2

:= T1 + T2 + T3.

For T1, Lemma S.1.16 implies

T1 ≤
∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
TΨi(Zi −UiW∗

k)
∥∥∥1/2

2

∥∥∥ 1

n

n∑
i=1

ZT
i (Ψ̂i −Ψi)Ψ

−1
i (Ψ̂i −Ψi)Zi

∥∥∥1/2

2

= OP

(√sd0 log d

n

)
,

where the last step is from Lemma S.1.2∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
TΨi(Zi −UiW∗

k)
∥∥∥

2
= ‖Hkθθ −HkθγH−1

kγγHkγθ‖2 +OP(
√
d0 log d0/n)

= OP(1),

and also Lemma S.1.9. For T2, by Lemma S.1.16

T2 ≤
∥∥∥ 1

n

n∑
i=1

(UiW
∗
k −UiŴk)

TΨi(UiW
∗
k −UiŴk)

∥∥∥1/2

2

∥∥∥ 1

n

n∑
i=1

ZT
i ΨiZi

∥∥∥1/2

2

.
[
tr
( 1

n

n∑
i=1

(UiW
∗
k −UiŴk)

TΨi(UiW
∗
k −UiŴk)

)]1/2

.

√
(s ∨ s′)d0 log d

n
,

9



where the second step follows from Lemma S.1.2 and the last step is from Lemma S.1.6. Finally,
for T3, similar argument implies

T3 ≤
∥∥∥ 1

n

n∑
i=1

(UiW
∗
k −UiŴk)

TΨi(UiW
∗
k −UiŴk)

∥∥∥1/2

2

∥∥∥ 1

n

n∑
i=1

ZT
i (Ψ̂i −Ψi)Ψ

−1
i (Ψ̂i −Ψi)Zi

∥∥∥1/2

2

.
[
tr
( 1

n

n∑
i=1

(UiW
∗
k −UiŴk)

TΨi(UiW
∗
k −UiŴk)

)]1/2
√
sd0 log d

n

.
(s ∨ s′)d0 log d

n
.

Thus, combining (S.11) and (S.12), we have

‖ĝ(θ̂)− g0(θ∗)‖2 = OP

(√(s ∨ s′)d0 log d

n

)
.

It is easily seen that similar argument implies

‖ĝ(θ∗)− g0(θ∗)‖2 = OP

(√(s ∨ s′)d0 log d

n

)
.

Our claim holds as desired.

Lemma S.1.8. Recall that Ĉ = n−1
∑n

i=1 Ŝi(θ̂)Ŝ
T
i (θ̂) in (2.9), where Ŝi(θ) =

{
Ŝi1(θ), ..., ŜiK(θ)

}T
,

and C∗ = E
{
S∗i (θ

∗)S∗i (θ
∗)T
}

in (2.16), where S∗i (θ
∗) =

(
S∗i1(θ∗), . . . , S∗iK(θ∗)

)T
. Under the condi-

tions in Theorem 2.7, we have

‖Ĉ−C∗‖2 = OP

(√d0(s ∨ s′) log d(log n)2

n

)
.

Proof. We have that

‖Ĉ−C∗‖2 ≤
∥∥∥ 1

n

n∑
i=1

S∗i (θ
∗)S∗Ti (θ∗)− 1

n

n∑
i=1

Ŝi(θ̂)ŜTi (θ̂)
∥∥∥

2
+
∥∥∥ 1

n

n∑
i=1

S∗i (θ
∗)S∗Ti (θ∗)−C∗

∥∥∥
2
.

The second term is of order OP(
√
d0 log d0(log n)2/n) by Lemma S.1.2. For the first term,

∥∥∥ 1

n

n∑
i=1

S∗i (θ
∗)S∗Ti (θ∗)− 1

n

n∑
i=1

Ŝi(θ̂)ŜTi (θ̂)
∥∥∥

2

≤ 2
∥∥∥ 1

n

n∑
i=1

[S∗i (θ
∗)− Ŝi(θ̂)]S∗Ti (θ∗)

∥∥∥
2

+
∥∥∥ 1

n

n∑
i=1

[S∗i (θ
∗)− Ŝi(θ̂)][S∗i (θ

∗)− Ŝi(θ̂)]T
∥∥∥

2
:= T11 + T12.

We first consider the T12 term. For simplicity of notation, we assume K = 1. After some tedious
calculation, we can show that

T12 . A1 +A2 +A3 +A4 +A5,

10



where ∆̂i = A
1/2
i (β̂)TkA

−1/2
i (β̂) and ∆i = A

1/2
i (β∗)TkA

−1/2
i (β∗) and

A1 =
∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
T∆i(µ̂i − µ∗i )(µ̂i − µ∗i )T∆T

i (Zi −UiW∗
k)
∥∥∥

2

A2 =
∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
T (∆̂i −∆i)(Yi − µ∗i )(Yi − µ∗i )T (∆̂i −∆i)

T (Zi −UiW∗
k)
∥∥∥

2

A3 =
∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
T (∆̂i −∆i)(µ

∗
i − µ̂i)(µ∗i − µ̂i)T (∆̂i −∆i)

T (Zi −UiW∗
k)
∥∥∥

2

A4 =
∥∥∥ 1

n

n∑
i=1

(UiW
∗
k −UiŴk)

T ∆̂i(Yi − µ∗i )(Yi − µ∗i )T ∆̂T
i (UiW

∗
k −UiŴk)

∥∥∥
2

A5 =
∥∥∥ 1

n

n∑
i=1

(UiW
∗
k −UiŴk)

T ∆̂i(µ
∗
i − µ̂i)(µ∗i − µ̂i)T ∆̂T

i (UiW
∗
k −UiŴk)

∥∥∥
2
.

In the following, we give the bound for the above five terms. It holds that

A1 =
1

n

n∑
i=1

‖Zi −UiW∗
k‖22‖∆i‖22‖µ̂i − µ∗i ‖22

. d0
1

n

n∑
i=1

‖XT
i (β̂ − β∗)‖22 .

d0s log d

n
.

The similar arguments and the proof of Lemma S.1.9 yield

A2 . d0
1

n

n∑
i=1

‖∆̂i −∆i‖22‖Yi − µ∗i ‖22

. d0(log n)2 1

n

n∑
i=1

‖XT
i (β̂ − β∗)‖22 .

d0s log d(log n)2

n
,

where the sub-exponential condition implies maxi ‖Yi−µ∗i ‖2 . log n, and similarlyA3 .
d0s log d

n
s2 log d
n .

A4 . max
i
‖Yi − µ∗i ‖22tr

( 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

TA
1/2
i (β∗)TkA

1/2
i (β∗)[Ui(Ŵk −W∗

k)]
)

.
d0(s ∨ s′) log d(log n)2

n
,

and A5 .
d0(s∨s′) log d

n
s2 log d
n . Since s2 log d

n = o(1), we have

T12 .
d0(s ∨ s′) log d(log n)2

n
.

For T11,

T11 .
∥∥∥ 1

n

n∑
i=1

[S∗i (θ
∗)− Ŝi(θ̂)][S∗i (θ

∗)− Ŝi(θ̂)]T
∥∥∥1/2

2

∥∥∥ 1

n

n∑
i=1

S∗i (θ
∗)S∗Ti (θ∗)

∥∥∥1/2

2

.

√
d0(s ∨ s′) log d(log n)2

n
,

11



by the convergence rate of T12 established above, Lemma S.1.2∥∥∥ 1

n

n∑
i=1

S∗i (θ
∗)S∗Ti (θ∗)−C∗

∥∥∥
2

= OP(
√
d0 log d0(log n)2/n),

and ‖C∗‖2 = O(1). Our claim holds as desired.

Lemma S.1.9. Under the same conditions as in Theorem 2.7, for any ui,vi ∈ Rm

(S.13)
∣∣∣ 1
n

n∑
i=1

uTi (∆̂i −∆i)vi

∣∣∣ . [ 1

n

n∑
i=1

‖ui‖22‖vi‖22
]1/2

√
s log d

n
,

(S.14)
∣∣∣ 1
n

n∑
i=1

uTi (∆̂i −∆i)A
−1/2
i (β∗)T−1

k A
−1/2
i (β∗)(∆̂i −∆i)ui

∣∣∣ . [max
i
‖ui‖22

]s log d

n
,

where ∆̂i = A
1/2
i (β̂)TkA

−1/2
i (β̂) and ∆i = A

1/2
i (β∗)TkA

−1/2
i (β∗). In addition, for any matrix

Mi ∈ Rm×d0 with maxi ‖Mi‖max = O(1),

(S.15)
∥∥∥ 1

n

n∑
i=1

MT
i (Ψ̂i −Ψi)Ψ

−1
i (Ψ̂i −Ψi)M

T
i

∥∥∥
2
.
sd0 log d

n
,

where Ψi = A
1/2
i (β∗)TkA

1/2
i (β∗) and Ψ̂i = A

1/2
i (β̂)TkA

1/2
i (β̂).

Proof of Lemma S.1.9. Let δij = XT
ij(β̂ − β∗). Recall that by the mean value theorem,

∆̂i −∆i =


1
2 µ̃
′−0.5
i1 µ̃′′i1δi1

1
2 µ̃
′−0.5
i2 µ̃′′i1δi2

...
1
2 µ̃
′−0.5
im µ̃′′imδim

TkA
−1/2
i (β∗)

−A
1/2
i (β∗)Tk


1
2 µ̃
′−1.5
i1 µ̃′′i1δi1

1
2 µ̃
′−1.5
i2 µ̃′′i1δi2

...
1
2 µ̃
′−1.5
im µ̃′′imδim


where µ̃′ij = dµij(η̃ij)/dηij and η̃ij is an intermediate value between XT

ij β̂ and XT
ij β̂ and µ̃′′ij is

defined similarly. To show (S.13), note that∣∣∣ 1
n

n∑
i=1

uTi (∆̂i −∆i)vi

∣∣∣ ≤ 1

n

n∑
i=1

‖ui‖2‖vi‖2‖∆̂i −∆i‖2

≤
[ 1

n

n∑
i=1

‖ui‖22‖vi‖22
]1/2[ 1

n

n∑
i=1

‖∆̂i −∆i‖22
]1/2

.
[ 1

n

n∑
i=1

‖ui‖22‖vi‖22
]1/2[ 1

n

n∑
i=1

m∑
j=1

δ2
ij

]1/2

.
[ 1

n

n∑
i=1

‖ui‖22‖vi‖22
]1/2

√
s log d

n
,

12



where the third step follows from the assumption that ‖Tk‖2 is bounded and Assumption 2.4, and
the last step is implied by the convergence rate of the initial estimators. The similar argument can
be used to show (S.14). For (S.15),∥∥∥ 1

n

n∑
i=1

MT
i (Ψ̂i −Ψi)Ψ

−1
i (Ψ̂i −Ψi)M

T
i

∥∥∥
2
≤ 1

n

n∑
i=1

‖Ψ̂i −Ψi‖22‖Ψ−1
i ‖2‖Mi‖22

.
1

n

n∑
i=1

m∑
j=1

δ2
ijtr(MiM

T
i ) .

sd0 log d

n
.

The proof is complete.

Lemma S.1.10. Under the same conditions as in Theorem 2.7, we have,

max
1≤k≤K

∥∥∥S̄nk(θ∗)− 1

n

n∑
i=1

S∗ik(θ
∗)
∥∥∥

2
= OP

(d1/2
0 (s ∨ s′) log d log n

n

)
.

Proof of Lemma S.1.10. For notational simplicity, denote

∆̂i = A
1/2
i (β̂)TkA

−1/2
i (β̂),∆i = A

1/2
i (β∗)TkA

−1/2
i (β∗),

Ti = Yi − µi(θ∗,γ∗), and T̂i = Yi − µi(θ∗, γ̂).

We can rewrite it as∥∥∥S̄nk(θ∗)− 1

n

n∑
i=1

S∗ik(θ
∗)
∥∥∥

2
=
∥∥∥ 1

n

n∑
i=1

(Zi −UiŴk)
T ∆̂iT̂i − (Zi −UiW∗

k)
T∆iTi

∥∥∥
2

≤
∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
T [∆̂iT̂i −∆iTi]

∥∥∥
2

+
∥∥∥ 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

T ∆̂iT̂i

∥∥∥
2
.

We call the last two terms as I1 and I2. For I2,

I2 ≤
∥∥∥ 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

T ∆̂iTi

∥∥∥
2

+
∥∥∥ 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

T ∆̂i(µ̂i − µi)
∥∥∥

2
:= I21 + I22,

where µ̂i = µi(θ
∗, γ̂) and µi = µi(θ

∗,γ∗). For I21, let Rij ∈ Rm denote the jth row of the matrix

[Ui(Ŵk −W∗
k)]

TΨ
1/2
i . Note that∥∥∥ 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

T [∆̂i −∆i]Ti

∥∥∥2

2

=

d0∑
j=1

∣∣∣ 1
n

n∑
i=1

RijΨ
−1/2
i [∆̂i −∆i]Ti

∣∣∣2
≤

d0∑
j=1

∣∣∣ 1
n

n∑
i=1

RijR
T
ij

∣∣∣× ∣∣∣ 1
n

n∑
i=1

T Ti (∆̂i −∆i)Ψ
−1(∆̂i −∆i)Ti

∣∣∣
= tr

( 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

TΨi[Ui(Ŵk −W∗
k)]
)
×
∣∣∣ 1
n

n∑
i=1

T Ti (∆̂i −∆i)Ψ
−1(∆̂i −∆i)Ti

∣∣∣
.
d0(s ∨ s′) log d

n
· s log d(log n)2

n
,

13



where the last step follows from Lemma S.1.9 and S.1.6, and the sub-exponential condition implies
maxi ‖Yi − µ∗i ‖2 . log n. In addition,∥∥∥ 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

T∆iTi

∥∥∥
2
≤ d1/2

0 ‖Ŵk −W∗
k‖L1

∥∥∥ 1

n

n∑
i=1

UT
i ∆iTi

∥∥∥
∞
.
d

1/2
0 (s ∨ s′) log d

n
.

Thus, combining these results,

I21 ≤
∥∥∥ 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

T∆iTi

∥∥∥
2

+
∥∥∥ 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

T [∆̂i −∆i]Ti

∥∥∥
2

.
d

1/2
0 (s ∨ s′) log d

n
+
d

1/2
0 (s ∨ s′) log d log n

n
.

For I22, we have

|I22|2 =

d0∑
j=1

∣∣∣ 1
n

n∑
i=1

RijΨ
−1/2
i ∆̂i(µ̂i − µi)

∣∣∣2
≤

d0∑
j=1

∣∣∣ 1
n

n∑
i=1

RijR
T
ij

∣∣∣× ∣∣∣ 1
n

n∑
i=1

(µ̂i − µi)T ∆̂T
i Ψ−1

i ∆̂i(µ̂i − µi)
∣∣∣

. tr
( 1

n

n∑
i=1

[Ui(Ŵk −W∗
k)]

TΨi[Ui(Ŵk −W∗
k)]
)
×
∣∣∣ 1
n

n∑
i=1

‖Ui(γ̂ − γ∗)‖22
∣∣∣

.
d0(s ∨ s′) log d

n
· s log d

n
.

Combining above results, we have I2 = Op(
d

1/2
0 (s∨s′) log d logn

n ). Then

I1 ≤
∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
T (∆̂i −∆i)Ti

∥∥∥
2

+
∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
T∆i(T̂i − Ti)

∥∥∥
2

+
∥∥∥ 1

n

n∑
i=1

(Zi −UiW∗
k)
T (∆̂i −∆i)(T̂i − Ti)

∥∥∥
2
.

Similarly, we can show that I1 = Op(
d

1/2
0 (s∨s′) log d logn

n ). This completes the proof.

Lemma S.1.11. Recall that Q∗n(θ) = S̄∗n(θ)TC∗−1S̄∗n(θ), where S̄∗(θ) = 1
n

∑n
i=1 S∗i (θ). Under

the same conditions as in Theorem 2.7, we have

‖∇Q∗n(θ∗)‖2 = OP

(√d0

n

)
,(S.16)

‖∇Q̃n(θ∗)−∇Q∗n(θ∗)‖2 = OP

(d0{(s ∨ s′) log d(log n)2}1/2

n
+
d

1/2
0 (s ∨ s′) log d log n

n

)
.(S.17)

Proof. To show (S.16), we note that

‖∇Q∗n(θ∗)‖2 ≤ 2‖∇S̄∗n(θ∗)‖2‖C∗−1‖2‖S̄∗n(θ∗)‖2
≤ 2(‖g0(θ∗)‖2 + ‖∇S̄∗n(θ∗)− g0(θ∗)‖2)‖C∗−1‖2‖S̄∗n(θ)‖2.(S.18)
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We will consider the terms in the last line one by one. We first show that ‖S̄∗n(θ∗)‖2 = OP(
√
d0/n).

This follows from the Markov inequality and the fact that

E‖S̄∗n(θ∗)‖22 =
1

n
E[S∗i (θ

∗)TS∗i (θ
∗)] =

1

n
tr(C∗) = O(

d0

n
),(S.19)

where the last step follows from tr(C∗) ≤ d0Kλmax(C∗) and the condition that λmax(C∗) is upper
bounded. In addition, we note that for any matrices A1 and A2 with the same number of rows, the
matrix (A1,A2) satisfies ‖(A1,A2)‖2 ≤ ‖A1‖2 + ‖A2‖2. Applying this result repeatedly and the
definition of Hkγγ and Hkγθ, we have

‖g0(θ∗)‖2 .
K∑
k=1

‖Hkθθ −HkθγH−1
kγγHkγθ‖2 ≤

K∑
k=1

λmax(Hkθθ).

Furthermore, by the definition of Hkθθ, we have

λmax(Hkθθ) = sup
‖v‖2=1

E[(Ziv)TA
1/2
i (β∗)T−1

k A
1/2
i (β∗)(Ziv)]

≤ sup
‖v‖2=1

E[‖Ziv‖22‖Ai(β
∗)‖2‖T−1

k ‖2]

. λmax(E(ZT
i Zi)),

which is bounded by Assumptions 2.5 and 2.4. Thus, ‖g0(θ∗)‖2 = O(1). For notational simplicity,
we only look at the kth block of ∇S̄∗n(θ∗), denoted by

∇S̄∗k(θ
∗) =

1

n

n∑
i=1

(Zi −UiW∗
k)
TA

1/2
i (β∗)TkA

1/2
i (β∗)Zi ∈ Rd0×d0 .

The corresponding block in g0(θ∗) is denoted by g0k(θ
∗). We have

‖∇S̄∗n(θ∗)− g0(θ∗)‖2 . max
1≤k≤K

‖∇S̄∗k(θ
∗)− g0k(θ

∗)‖2 = OP(
√
d0 log d0/n),

by Lemma S.1.2. Thus, (S.16) holds by applying (S.18), (S.19) and the above bound. We will
consider (S.17) as follows. For notational simplicity, we ignore the θ∗ in the rest of the proof, unless
stated otherwise. Thus,

‖∇Q̃n −∇Q∗n‖2 = ‖(∇S̄n)Ĉ−1S̄n − (∇S̄∗n)C∗−1S̄∗n‖2
≤ ‖(∇S̄n −∇S̄∗n)Ĉ−1S̄n‖2 + ‖(∇S̄∗n)(Ĉ−1 −C∗−1)S̄n‖2

+ ‖(∇S̄∗n)C∗−1(S̄n − S̄∗n)‖2.

If we can show

‖Ĉ−1 −C∗−1‖2 = OP

(√d0(s ∨ s′) log d(log n)2

n

)
,(S.20)

‖∇S̄n −∇S̄∗n‖2 = OP

(√(s ∨ s′)d0 log d

n

)
,(S.21)

‖S̄n − S̄∗n‖2 = OP

(d1/2
0 (s ∨ s′) log d log n

n

)
,(S.22)
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then combined with ‖∇S̄∗n‖2 = OP(1) and ‖S̄∗n(θ∗)‖2 = OP(
√
d0/n), we have (S.17) holds. In the

following, we will show (S.20)–(S.22). For (S.20),

‖Ĉ−1 −C∗−1‖2 ≤ ‖Ĉ−1‖2‖C∗−1‖2‖Ĉ−C∗‖2 = OP

(√d0(s ∨ s′) log d(log n)2

n

)
,

implied by the Weyl’s inequality

‖Ĉ−1‖2 =
1

λmin(Ĉ−C∗ + C∗)
≤ 1

λmin(C∗)− ‖Ĉ−C∗‖2
= OP(1)

and Lemma S.1.8. In addition, (S.21) is implied by the proof of Lemma S.1.7. Finally, (S.22) is
implied by Lemma S.1.10. This completes the proof.

Lemma S.1.12. Let c denote a small constant. Under the conditions in Theorem 2.7, uniformly

over ‖θ − θ∗‖2 ≤ cd−1/2
0 it holds that with probability tending to one

Q̃n(θ)− Q̃n(θ∗)−∇Q̃n(θ∗)(θ − θ∗) ≥ C‖θ − θ∗‖22

for some positive constant C.

Proof. Applying the mean value theorem, there exists θ̄ = tθ∗ + (1 − t)θ for some t ∈ (0, 1)
such that

Q̃n(θ)− Q̃n(θ∗)−∇Q̃n(θ∗)(θ − θ∗)

= (θ − θ∗)T∇2Q̃n(θ̄)(θ − θ∗)

= (θ − θ∗)T ĝ(θ̄)T Ĉ−1ĝ(θ̄)(θ − θ∗)− (Pi1, ...,PiK)Ĉ−1S̄n(θ̄),(S.23)

where

Pik =
1

n

n∑
i=1

(δ2
i1, ..., δ

2
im)Mi∆̂ik(Zi −UiŴk),

with ∆̂ik = A
1/2
i (β̂)TkA

−1/2
i (β̂), δ2

ik = (θ − θ∗)TZik, and

Mi =


µ′′i1(θ̄, γ̂)

µ′′i2(θ̄, γ̂)
...

µ′′im(θ̄, γ̂)

 .
We first note that

|(θ − θ∗)T [ĝ(θ̄)T Ĉ−1ĝ(θ̄)− g0(θ∗)TC∗−1g0(θ∗)](θ − θ∗)|

≤ |(θ − θ∗)T [{ĝ(θ̄)− g0(θ∗)}TC∗−1g0(θ∗)](θ − θ∗)|+ |(θ − θ∗)T [ĝ(θ̄)T (Ĉ−1 −C∗−1)g0(θ∗)](θ − θ∗)|
+ |(θ − θ∗)T [ĝ(θ̄)TC∗−1{ĝ(θ̄)− g0(θ∗)}](θ − θ∗)|

. ‖θ − θ∗‖22
{
‖ĝ(θ̄)− g0(θ∗)‖2 + ‖Ĉ−1 −C∗−1‖2

}
. ‖θ − θ∗‖22

(
d

1/2
0 ‖θ − θ

∗‖2 +

√
d0(s ∨ s′) log d(log n)2

n

)
,
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where the last step follows from the same argument in the proof of Lemma S.1.7 and (S.20). Since

d
1/2
0 ‖θ − θ∗‖2 ≤ c, with probability tending to one,

(θ − θ∗)T ĝ(θ̄)T Ĉ−1ĝ(θ̄)(θ − θ∗) ≥ (θ − θ∗)Tg0(θ∗)TC∗−1g0(θ∗)(θ − θ∗)− c′‖θ − θ∗‖22(S.24)

for some small constant c′. Furthermore, after some tedious calculation, we can show that

|(Pi1, ...,PiK)Ĉ−1S̄n(θ̄)| . 1

n

n∑
i=1

m∑
j=1

δ2
ijd

1/2
0 ‖Ĉ

−1‖2‖S̄n(θ̄)‖2

. ‖θ − θ∗‖22
m∑
j=1

∥∥∥ 1

n

n∑
i=1

ZijZ
T
ij

∥∥∥
2
d

1/2
0

(√d0

n
+ ‖θ − θ∗‖2

)
. ‖θ − θ∗‖22d

1/2
0

(√d0

n
+ ‖θ − θ∗‖2

)
,

where we bound each term in Pik by using Lemma S.1.2 and ‖S̄n(θ̄) − S̄n(θ∗)‖2 . ‖θ − θ∗‖2 by
Lemma S.1.7 and the proof of Lemma S.1.11. Since d0/n

1/2 = o(1), we can combine (S.23) and
(S.24),

Q̃n(θ)− Q̃n(θ∗)−∇Q̃n(θ∗)(θ − θ∗)
≥ (θ − θ∗)Tg0(θ∗)TC∗−1g0(θ∗)(θ − θ∗)− c′‖θ − θ∗‖22

− C‖θ − θ∗‖22d
1/2
0

(√d0

n
+ ‖θ − θ∗‖2

)
(S.25)

≥ (θ − θ∗)Tg0(θ∗)TC∗−1g0(θ∗)(θ − θ∗)− c′′‖θ − θ∗‖22,(S.26)

where c′′ is a small constant. Finally, we shall bound the minimum eigenvalue of g0(θ∗)TC∗−1g0(θ∗).
Assume that the corresponding eigenvector is denoted by v∗. Then

λmin

[
g0(θ∗)TC∗−1g0(θ∗)

]
=
v∗Tg0(θ∗)TC∗−1g0(θ∗)v∗

‖v∗‖22

=
η∗TC∗−1η∗

‖(g0(θ∗)Tg0(θ∗))−1g0(θ∗)T η∗‖22

≥ η∗TC∗−1η∗

‖(g0(θ∗)Tg0(θ∗))−1g0(θ∗)T ‖22‖η∗‖22
,

where η∗ = g0(θ∗)v∗ ∈ Rd0K and therefore v∗ = (g0(θ∗)Tg0(θ∗))−1g0(θ∗)T η∗. Recall that g0(θ∗)T =
[H1, ...,HK ] ∈ Rd0×d0K , where Hk = Hkθθ −HkθγH−1

kγγHkγθ

‖(g0(θ∗)Tg0(θ∗))−1g0(θ∗)T ‖22 = ‖(g0(θ∗)Tg0(θ∗))−1g0(θ∗)Tg0(θ∗)(g0(θ∗)Tg0(θ∗))−1‖2

= ‖(
K∑
k=1

HkHk)
−1‖2 =

1

λmin(
∑K

k=1 HkHk)

≤ 1

λmin(HkHk)
≤ 1

λ2
min(Hk)
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and

λmin(Hk) ≥ inf
‖v‖2=1

E[(Xiv)TA
1/2
i (β∗)T−1

k A
1/2
i (β∗)(Xiv)]

≥ inf
‖v‖2=1

E[‖Xiv‖22λmin(Ai(β
∗))λmin(T−1

k )]

≥ Cλmin(E(XT
i Xi)) ≥ C ′,

for some constants C,C ′ > 0. Thus

λmin

[
g0(θ∗)TC∗−1g0(θ∗)

]
≥ Cη

∗TC∗−1η∗

‖η∗‖22
≥ Cλmin(C∗−1) ≥ C ′.

Plugging above bound into (S.26), it leads to

Q̃n(θ)− Q̃n(θ∗)−∇Q̃n(θ∗)(θ − θ∗) ≥ (C ′ − c′)‖θ − θ∗‖22,

uniformly over ‖θ − θ∗‖2 ≤ cd−1/2
0 , as long as the constant c is small enough.

Lemma S.1.13. Under the same assumptions as in Theorem 2.8, we have

n(θ∗ − θ̃)T Σ̂−1
θ (θ∗ − θ̃)− d0√
2d0

 N(0, 1), as n, d0 →∞,

where Σθ and Σ̂θ are defined in (2.21) and (2.23), respectively. If d0 is fixed, under the same
condition,

n(θ∗ − θ̃)T Σ̂−1
θ (θ∗ − θ̃) χ2

d0
,

where χ2
d0

denotes the chi-square distribution with d0 degrees of freedom.

Proof. The proof follows from Theorem 2.8, Slutsky’s Theorem and the fact that

d
−1/2
0 n

∣∣(θ̃ − θ∗)T (Σ̂−1
θ −Σ−1

θ )(θ̃ − θ∗)
∣∣

≤ d−1/2
0 n‖θ̃ − θ∗‖22‖ĝ(θ̂)T Ĉ−1ĝ(θ̂)− g0(θ∗)TC∗−1g0(θ∗)‖2

.
n

d
1/2
0

d0

n

√
d0(s ∨ s′) log d(log n)2

n

.

√
d2

0(s ∨ s′) log d(log n)2

n
= oP(1).

This completes the proof.

Lemma S.1.14. Suppose Assumptions 2.1, 2.2, 2.3, 2.4 and 2.5 hold for all β∗j for j ∈ [d], and

suppose that λ � λ′ �
√
n−1 log d and n−1/2s(log d)(log n) = o(1/ log d). Let the “ideal” version of

β̃j be

(S.27)
1

n

n∑
i=1

Aij =
1

n

n∑
i=1

{
g0j(β

∗
j )C∗−1

j g0j(β
∗
j )
}−1

g0j(β
∗
j )C∗−1

j · S∗ij(β∗j ),

18



where g∗0j , C∗j and S∗ij(β
∗
j ) denote corresponding g0, C∗ and S∗i (β

∗
j ) in the previous section for β∗j ,

and let the ideal version of T̂j be

Tj =
√
nσ−1

j

( 1

n

n∑
i=1

Aij

)
,

where σj is defined in (2.21) . We have that
√
nβ̃j converges to 1√

n

∑n
i=1Aij such that as n→∞,

max
j∈H0

∣∣∣√nβ̃j − 1√
n

n∑
i=1

Aij

∣∣∣ = OP(n−1/2s(log d)(log n)),

and
max
j

∣∣T̂j − Tj∣∣ = OP(n−1/2s(log d)(log n)).

Proof. The proof follows from Theorem 2.8 and Lemma S.1.13. We omit the details.

Lemma S.1.15. Suppose the conditions in Theorem 3.1 holds. Let rd be any sequence such that
rd →∞ as d→∞, and rd = o(|S1|). Then we have

sup
rd/d≤u≤1

∣∣∣∣
∑

j∈S0
1{Pj ≤ u}

u · |S0|
− 1

∣∣∣∣→ 0,

in probability.

Proof. We denote Wnj = n−1/2
∑n

i=1Aij and zu := Φ−1(u). We first show that

(S.28) sup
rd/d≤u≤1

∣∣∣∣
∑

i∈S0
1{|Wnj | ≥ z1−u/2}
|S0| · u

− 1

∣∣∣∣ L2−→ 0.

Let G(u) :=
∑

i∈S0
(1{|Wnj | ≥ z1−u/2} − u)/(|S0| · u). For any u ∈ [rd/d, 1], we have

E[G(u)2] =
1

|S0|2 · u2

∑
j,k∈S0

{
P(|Wnj | ≥ z1−u/2, |Wnk| ≥ z1−u/2) + u2

− u · P(|Wnj | ≥ z1−u/2)− u · P(|Wnk| ≥ z1−u/2)
}

By Lemma 6.1 in Liu (2013),∣∣∑
j,k∈S0

{
u · P(|Wnj | ≥ z1−u/2)− u2

}∣∣
u2|S0|2

≤ 1

|S0|
∑
j∈S0

∣∣∣P(|Wnj | ≥ z1−u/2)

u
− 1
∣∣∣ ≤ C(log d)−3/2,

and similar inequality holds for the last term. Hence

E[G(u)2] ≤ 1

|S0|2 · u2

∑
j,k∈S0

{
P(|Wnj | ≥ z1−u/2, |Wnk| ≥ z1−u/2)− u2

}
+ C(log d)−3/2.(S.29)
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Now consider the cases j = k. We have

1

|S0|2 · u2

∑
j∈S0

{
P(|Wnj | ≥ z1−u/2)− u2

}
≤ 1

|S0| · u

∑
j∈S0

P(|Wnj | ≥ z1−u/2)

|S0| · u
≤ 1

|S0| · u
(
1 + o(1)

)
.

(S.30)

For the case that j 6= k, let A :=
{

(j, k) : j 6= k,Ωjk ≥ (log d)−5/2
}

. By Lemma 6.1 of Liu (2013),
it holds

(S.31)
1

|S0|2 · u2

∑
(j,k)∈Ac

∣∣P(|Wnj | ≥ z1−u/2, |Wnk| ≥ z1−u/2)− u2
∣∣ ≤ C(log d)−3/2.

If (j, k) ∈ A, then by Lemma 6.2 of Liu (2013), we have

1

|S0|2 · u2

∑
(j,k)∈A

{
P(|Wnj | ≥ z1−u/2, |Wnk| ≥ z1−u/2)− u2

}
≤ 1

|S0|2 · u2

∑
(j,k)∈A

P(|Wnj | ≥ z1−u/2, |Wnk| ≥ z1−u/2)

≤ 1

|S0|2
∑

(j,k)∈A

C · (z1−u/2 + 1)−2 exp(−z2
1−u/2/(1 + |Ωjk|))

u2
.(S.32)

When 0 ≤ z1−u/2 ≤ 1, we have u ≥ 2(1−Φ(1)), hence each summand in (S.32) is uniformly upper

bounded by a constant. If 1 < z1−u/2 ≤ z1−rd/(2d), we have u = 2(1 − Φ(z1−u/2)) ≥ (1/
√

2π) ·
z1−u/2/(z

2
1−u/2 + 1) exp(−z2

1−u/2/2), and hence

∑
(j,k)∈A

(z1−u/2 + 1)−2 exp(−z2
1−u/2/(1 + |Ωjk|))

|S0|2 · u2
≤ 1

|S0|2
∑
j,k∈A

2π · (z2
1−u/2 + 1)2

(z1−u/2 + 1)2z2
1−u/2

exp
{z2

1−u/2|Ωjk|
(1 + |Ωjk|)

}
≤ 1

|S0|2
∑
j,k∈A

4π · d
2|Ωjk|

1+|Ωjk| . (log d)−3/2,

where in the first inequality we used the fact that z1−rd/(2d) ≤
√

2 log d, and the last inequality
is by the condition (3.2) in the theorem and the fact that |S0|/d → 1. Therefore, by the above
arguments, we conclude that

(S.33)
1

|S0|2 · u2

∑
(j,k)∈A

{
P(|Wnj | ≥ z1−u/2, |Wnk| ≥ z1−u/2)− u2

}
. (log d)−3/2.

Combining (S.29), (S.30), (S.31) and (S.33), we obtain

(S.34) E[G(u)2] ≤ C · 1

|S0| · u
+ C ′ · (log d)−3/2,

for any rd/d ≤ u ≤ 1. As rd → ∞ and |S0|/d → 1, we get 1/(|S0| · u) ≤ d/(rd · |S0|) → 0,

and so G(u)
L2−→ 0. We use the following argument to show that the convergence is uniform in

rd/d ≤ u ≤ 1. Define u` := rd/d +
√
rd exp(`4/5)/d, for ` = 1, . . . , L − 1, and u0 = rd/d, uL = 1,
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where L =
⌈

log5/4(d/
√
rd −

√
rd)
⌉
. For any u ∈ [rd/d, 1], there exists ` ∈ {1, . . . , L− 1} such that

u` ≤ u ≤ u`+1. Hence,

G(u) ≤ max

{∣∣∣∣
∑

i∈S0
(1{|Wnj | ≥ z1−u`+1/2} − u`)

d · u

∣∣∣∣, ∣∣∣∣
∑

i∈S0
(1{|Wnj | ≥ z1−u`/2} − u`+1)

d · u

∣∣∣∣},
(S.35)

and we have ∣∣∣∣
∑

i∈S0
(1{|Wnj | ≥ z1−u`+1/2} − u`)

d · u

∣∣∣∣ ≤ (|I(u`+1)|+
∣∣∣ u`
u`+1

− 1
∣∣∣) · u`+1

u`
,

where

I(u) =

∑
i∈S0

(1{|Wnj | ≥ z1−u/2} − u)

d · u
.

Similar argument also applies to the second term in the R.H.S. of (S.35). Note that 1 ≥ u`/u`+1 =
(
√
rd + exp(`4/5))/(

√
rd + exp((` + 1)4/5)) ≥ √rd/(

√
rd + e) → 1 for all `, which implies that

u`/u`+1 → 1 uniformly over ` ∈ {0, . . . , L} as d→∞. Therefore, for large enough d, we have

E
[

sup
rd/d≤u≤1

G(u)2
]
≤ 4 · E

[
max

0≤`≤L
G(u`)

2 + o(1)
]
≤ 4

L∑
`=0

E[G(u`)
2] + o(1).

Note that L ≤ (log d)5/4 and |S0|/d→ 1. Hence by (S.34), we get

L∑
`=0

E[G(u`)
2] ≤

L∑
`=0

C · 1

|S0|(rd/d+
√
rd exp(`4/5)/d)

+ L · C ′ · (log d)−3/2 = o(1).

Therefore, we proved (S.28). Lemma S.1.14 further implies

Λnj = (Wnj + oP(1/ log d))2,

uniformly in j ∈ S0. Note that 2(1 − Φ(z1−u/2 + 1/ log d))/u → 0 uniformly over rd/d ≤ u ≤ 1.
Hence by (S.28) and similar argument as (S.35), we have

sup
rd/d≤u≤1

∣∣∣∣
∑

j∈S0
1{Pj ≤ u}

u · |S0|
− 1

∣∣∣∣ = sup
rd/d≤u≤1

∣∣∣∣
∑

j∈S0
1{|Wnj + oP(1/ log d)| ≥ z1−u/2}

u · |S0|
− 1

∣∣∣∣→ 0,

in probability. This concludes the proof.

Lemma S.1.16. For any matrices Ai ∈ Ra×c and Bi ∈ Rc×b,∥∥∥ 1

n

n∑
i=1

AiBi

∥∥∥
2
≤
∥∥∥ 1

n

n∑
i=1

AiA
T
i

∥∥∥1/2

2

∥∥∥ 1

n

n∑
i=1

BT
i Bi

∥∥∥1/2

2

The proof of this simple lemma follows from the definition of the spectral norm and Cauchy-
Schwartz inequality. We omit the proof.
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S.1.1. Proof of Corollary 2.10. The first statement Avar(θ̃) ≤ Avar(θ̃I) is a standard result in
the generalized method of moment. We omit the proof. To show the second statement, the efficient
influence function for β (e.g., Tsiatis (2007) Eq. (4.54)) is

1

n

n∑
i=1

XT
i A

1/2
i (β)R−1A

−1/2
i (β)

{
Yi − µi(β)

}
,

which yields the semiparametric information bound E(XTA1/2R−1A1/2X)−1. The corresponding
efficient influence function for the parameter of interest θ is

1

n

n∑
i=1

(Zi −Uiv∗)TA
1/2
i (β)R−1A

−1/2
i (β)

{
Yi − µi(β)

}
,

where v∗ = E(UT
i A1/2R−1A1/2Ui)

−1E(UT
i A1/2R−1A1/2Zi). Recall that Z̃i = A1/2Zi and Ũi =

A1/2Ui and (2.17) holds. We have that for all i,

E(UT
i A1/2R−1A1/2Zi) = E(ŨT

i R−1Z̃i) = E(ŨT
i R−1Ũiw

∗ + ŨT
i R−1δ) = E(ŨT

i R−1Ũi)w
∗,

and therefore w∗ = v∗. Finally, the estimating equation theory implies that the proposed method
is optimal among the class of estimating equations

K∑
k=1

Ck

n∑
i=1

(Zi −Uiw∗)TA
1/2
i (β)TkA

−1/2
i (β)

{
Yi − µi(β)

}
,

where C1, ..., CK ∈ R. Since R−1 =
∑K

k=1 akTk for some constants a1, ..., aK , by taking Ck = ak the
above estimating equation reduces to the efficient influence function for the parameter of interest θ.
This implies that our method is efficient in the sense that it attains the semiparametric information
bound.

S.2. A Brief Description of Generalized Estimating Equation. In this section, we
briefly review the GEE method for the analysis of longitudinal data.

Recall notation in Section 2, Liang and Zeger (1986) propose to estimate β∗ by solving the
following generalized estimating equation (GEE),

1

n

n∑
i=1

∂µi(ηi)

∂β
V−1
i(w)

{
Yi − µi(ηi)

}
= 0,

where ηi = (ηi1, ..., ηim)T = (XT
i1β, ...,X

T
imβ)T ∈ Rm, µi(ηi) =

{
µi1(ηi1), ...., µim(ηim)

}T ∈ Rm,
and Vi(w) is a workingm×m working covariance matrix of Yi. Let Ai(β) = diag

{
µ′i1(ηi1), ..., µ′im(ηim)

}
.

Then the covariance matrix Vi(w) can be decomposed as Vi(w) = A
1/2
i (β)R(φ)A

1/2
i (β), where

R(φ) is a working m ×m correlation matrix of Yi indexed by a finite dimensional parameter φ.
For the canonical exponential family, we have ∂µi(ηi)/∂β = XT

i Ai(β). For notational simplicity,
we rewrite µi(ηi) as µi(β), since ηi is parameterized by β. Then the GEE can be reformulated as

(S.1)
1

n

n∑
i=1

XT
i A

1/2
i (β)R̂−1A

−1/2
i (β)

{
Yi − µi(β)

}
= 0,
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where R̂ is an estimator of R(φ). We denote the root of this equation by β̂. When d is fixed and
n goes to infinity, Liang and Zeger (1986) show that

(S.2)
√
n
(
β∗ − β̂

)
 N(0,V),

where the covariance matrix V is

V =
( n∑
i=1

DT
i V−1

i(w)Di

)−1{ n∑
i=1

DT
i V−1

i(w) Cov(Yi)V
−1
i(w)Di

}( n∑
i=1

DT
i V−1

i(w)Di

)−1
,

and Di = ∂µi(β
∗)/∂β. Xie and Yang (2003); Ma (2012) further establish the large sample theory

for β̂, when the cluster size m is large and potentially increases with n. Wang (2011) extends
the asymptotics to the “large n, diverging d” regime and establishes

√
d/n-consistency of the

GEE estimator (S.1) when n−1d2 = o(1). In addition, assuming the sparsity of β∗, Wang et al.
(2012) propose a penalized generalized estimating equation framework, and show that the penalized
estimator achieves the oracle property when d = O(n). The result is further extended to the
generalized additive partial linear models by Lian et al. (2014).

S.3. Motivating Examples in High-dimensional Longitudinal Data. In this section, we
present two concrete motivating examples under d = O(n) and log d = o(n), respectively.

Example 1: BMI genomic dataset. The Framingham Heart Study (FHS) is a long-term,
ongoing cardiovascular study beginning in 1948 under the direction of the National Heart, Lung
and Blood institute (NHLBI) on residents of the town of Framingham, Massachusetts. The objective
is to identify the important characteristics that contribute to cardiovascular disease. We refer to
Jaquish (2007) for more details of the study. Recently, 913,854 SNPs from 24 chromosomes have
been genotyped from the Offspring Cohort study. The goal is to investigate the issue of obesity as
the body mass index (BMI), which is measured at multiple time points. Our dataset contains BMI
of 977 samples, where each samples BMI value is collected at 26 times. This example falls into the
ultra-high dimensional setting, i.e., log d = o(n). We will evaluate our proposed method using this
example in Section 4.2.

Example 2: Yeast cell-cycle gene expression data. The dataset analyzed by Wang et al.
(2012) contains 297 samples of cell-cycle-regularized genes. The goal of the analysis is to understand
how the gene expression level is associated with 96 transcription factors. Both the gene expression
and the score of each transcription factor are measured longitudinally at 5 common time points. In
this example, the number of samples is comparable to the number of features, and the asymptotic
analysis under the d = O(n) setting seems appropriate. Finally, we note that the proposed method
developed under the ultra-high dimensional setting is directly applicable to the d = O(n) setting.

S.4. More Simulations. In this section, we conduct more simulation studies to empirically
test the proposed method under different scenarios.

S.4.1. Settings where d0 > 1. We investigate the empirical coverage rates for the confidence
region when d0 = 3 and 5, where d0 is the number of parameters of interest. We follow settings
corresponding to the settings in Table 1 in the main text. We consider confidence regions for
β1, β2, ..., βd0 , where we set β∗1 = β∗2 = 0, and the rest are generated from either Dirac or Unif[0, 2].
We report the empirical coverage rate where the nominal level is set as 95% in Table S1. It is
seen that when d0 = 3, our method performs reasonably well. When d0 = 5, as the sparsity level
s increases, especially when s = 20, the empirical coverage probabilities deviate from the desired
nominal level as expected.
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Table S1
Empirical coverage probability (%) under equal-correlation with correlation parameter being 0.5 and m = 3. The

nominal level is set to be 95%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) s Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

d0 = 3

(50,200) 5 94.3 95.5 95.7 93.8 94.5 96.3 93.0 94.2
10 95.2 96.3 93.4 96.2 94.3 96.3 95.5 93.9
20 93.7 94.8 94.6 95.3 94.1 96.1 95.9 93.6

(100,500) 5 94.6 95.6 93.8 96.0 94.9 94.2 97.0 94.3
10 96.3 93.7 94.0 95.9 96.4 93.4 93.9 96.8
20 95.5 94.4 93.2 93.5 92.8 92.5 93.3 92.6

(100,1000) 5 93.9 92.6 94.5 92.8 93.2 94.1 92.5 92.9
10 93.1 93.5 92.4 94.0 92.9 93.3 93.0 93.4
20 93.4 92.7 94.2 93.8 92.9 91.8 93.5 92.0

d0 = 5

(50,200) 5 93.8 94.3 92.6 93.9 93.0 92.9 92.7 93.1
10 90.3 88.5 91.5 89.9 89.3 86.8 90.8 87.0
20 87.6 85.3 86.8 86.2 87.4 85.1 86.1 84.3

(100,500) 5 92.0 93.1 92.8 93.4 93.5 93.0 92.4 93.8
10 89.5 87.4 88.8 85.6 88.0 84.6 86.2 83.5
20 84.6 83.8 84.0 84.9 83.7 83.4 82.2 82.6

(100,1000) 5 93.4 93.7 92.6 92.5 93.0 92.4 91.8 93.1
10 88.3 86.2 87.9 83.8 84.3 86.6 85.0 83.1
20 82.0 85.7 84.5 79.9 82.4 78.3 81.7 76.3

S.4.2. Different within-sample correlation structure. We consider the case where the within-
sample correlation matrix is a convex combination of equal and AR-correlation matrices with equal
weight. We report the empirical Type I error and FDR in Tables S2 and S3, respectively. We find
that the proposed method works well in this setting.

S.4.3. Different within-sample observations mi. We consider settings where numbers, mi’s, of
within-sample observations is different. While we assume mi = m in the main text, the proposed
method can be generalized to unequal mi if the within sample correlation structures are the same,
like AR/equal correlation models with the same parameter. To demonstrate the applicability of
our method, consider the following numerical study. Specifically, we consider both equal and AR
correlation models where half of the subjects have m1 = 3 samples, and the other half have m2 = 5
samples. We follow the same data generating schemes in Tables 1 and 2 in the main text. We
investigate the empirical Type I error rate and the false discovery rate. We present the results in
Tables S4, S5, S6 and S7. We see that our proposed methods still work as desired.

Finally, we note that in a more complicated setting, where Yij is the response measured at
a random time Tij and the number of observations mi on each subject is considered random,
reflecting sparse and irregular design, assuming AR/equal correlation is very strong and thus the
QIF approach may not be directly applicable. A more flexible approach as shown by Yao et al. (2005)
is to treat the data as sparse functional (or longitudinal) data and apply functional component
analysis approach. The extension to sparse longitudinal data is beyond the scope of this paper, and
is left for future research.
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Table S2
Empirical Type I error rate (%) under the convex combination of equal-correlation and AR-correlation with

correlation parameter being 0.5 and 0.6, respectively. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) s Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

m = 3

(50,200) 5 5.3 5.6 5.2 5.5 5.1 4.8 5.3 5.7
10 5.5 4.7 5.0 5.6 5.8 5.2 5.7 5.5
20 5.4 6.0 5.8 6.1 5.9 5.5 6.0 5.3

(100,500) 5 5.7 5.9 5.2 5.5 4.7 5.9 5.4 5.6
10 5.9 5.2 5.9 5.5 5.4 5.7 5.3 5.6
20 5.4 5.8 5.5 5.3 6.0 5.7 5.8 5.9

(100,1000) 5 5.1 5.0 5.6 5.3 5.5 5.6 4.9 5.3
10 5.4 5.4 5.7 5.2 4.7 5.3 5.8 5.5
20 5.8 5.6 6.0 5.5 5.7 6.2 5.9 6.0

m = 5

(50,200) 5 5.5 5.3 5.0 5.2 4.9 5.3 5.7 5.4
10 5.3 5.4 5.0 5.5 4.6 6.0 5.9 5.3
20 5.7 5.6 5.8 5.2 5.9 5.0 6.0 5.7

(100,500) 5 5.4 5.1 5.3 5.5 5.0 4.9 4.7 5.4
10 5.4 5.2 5.5 5.8 6.0 5.7 5.9 5.5
20 5.7 5.5 5.2 5.6 5.9 5.4 4.9 6.2

(100,1000) 5 5.2 5.5 5.4 5.1 5.0 5.7 5.4 5.8
10 5.6 5.5 5.8 5.2 5.7 5.9 5.6 5.4
20 5.5 6.1 5.3 5.4 5.9 5.5 6.1 6.0

S.4.4. Logistic Model. Under the logistic model, we follow the simulation setup as in Cho and
Qu (2015) with equal correlation structures. We report the resulting empirical Type I error rate
and FDR in Table S8 and S9. It is seen that our method works well under the logistic model.

S.4.5. Low-dimensional settings. We consider the performance of the proposed method QDIF
in comparison with the classical QIF method. In particular, we first consider a low-dimensional
setting where d � n with m = 3, and we set β∗1 = 0, and consider the Dirac and Unif[0, 2]
settings to generate other components. In Tables S10 and S11, we consider equal-correlation and
AR-correlation structure with correlation parameter being 0.5. It is seen that both of the two
methods well control the empirical Type I error rate as desired. In addition, we consider some
moderate dimensional settings in Tables S12 and S13, where we set d = 100, 150 and 200. We
find that the traditional QIF method does not successfully control the Type I error rate, while the
proposed QDIF method still works.

S.4.6. Comparison with GEE. To compare the performance of QIF and GEE in high dimension,
we need to consider a decorrelated GEE approach, as the traditional GEE estimator (and the
inference result) is not applicable in high dimension. The decorrelated GEE estimator is defined
as follows. We use the same initial estimator β̂ defined in section 2.3 in main text. Assuming the
working correlation R(η) is parameterized by a finite dimensional parameter η, we plug in the
initial estimator β̂ to construct a moment estimator for η, say η̂. Then, we may simply apply our
method with K = 1 and T1 =

{
R(η̂)

}−1
. The root of the quasi-score function S̄n(θ) in (2.7) in
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Table S3
Empirical false discovery rate (%) at level α = 0.1 and 0.2 under the convex combination of equal-correlation and

AR-correlation with correlation parameter being 0.5 and 0.6, respectively.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

α 0.1 0.2 0.1 0.2 0.1 0.2 0.1 0.2

(n, d) s m = 3

(50,200) 5 10.3 19.6 10.2 20.4 9.5 19.4 9.8 20.6
10 9.8 19.4 9.5 19.5 10.3 20.3 10.7 19.1
20 10.8 20.5 10.6 19.7 9.5 19.0 9.6 20.8

(100,500) 5 10.0 19.2 9.7 19.6 10.5 20.3 9.4 20.9
10 9.5 19.7 9.1 20.4 9.4 20.8 10.0 20.5
20 10.8 18.9 10.4 19.6 9.1 19.2 10.3 19.0

(100,1000) 5 9.8 20.3 9.5 20.8 9.3 19.6 10.4 19.2
10 10.0 19.4 9.7 20.3 9.5 20.8 10.4 19.2
20 9.3 19.0 9.6 20.6 9.5 20.9 9.1 19.1

m = 5

(50,200) 5 9.9 20.5 9.3 20.3 10.4 19.7 10.1 20.8
10 9.5 20.3 10.4 19.5 10.0 20.4 10.6 19.2
20 10.4 20.8 9.1 20.0 9.5 21.0 8.9 20.1

(100,500) 5 9.5 20.6 9.2 19.4 10.3 20.2 10.6 20.9
10 9.1 20.5 9.8 20.1 9.0 19.3 10.3 20.5
20 10.6 18.8 10.1 19.5 10.8 20.3 11.0 21.0

(100,1000) 5 9.6 20.4 10.5 19.6 10.2 19.7 9.7 20.1
10 10.7 19.4 10.0 19.8 9.4 20.4 10.5 20.6
20 9.4 20.5 9.7 19.4 9.0 18.9 9.1 19.0

Table S4
Empirical Type I error rate (%) under equal-correlation with correlation parameter being 0.5, where half of the
subjects have m1 = 3 samples, and the other half have m2 = 5 samples. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) s Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

(50,200) 5 5.4 5.6 5.3 5.6 5.0 5.2 5.4 5.6
10 5.6 5.5 5.3 5.2 4.7 4.9 5.4 5.1
20 5.5 5.2 5.6 5.7 5.1 6.2 4.5 5.9

(100,500) 5 5.3 5.6 5.0 4.8 5.4 5.8 5.2 5.5
10 5.5 5.2 5.8 5.4 5.0 5.4 6.0 5.9
20 5.9 6.1 5.5 4.7 5.4 5.8 5.9 5.6

(100,1000) 5 5.2 5.4 5.5 5.3 5.8 5.4 4.8 5.3
10 5.5 5.8 5.4 5.6 5.8 5.5 5.7 5.0
20 5.9 5.5 5.8 6.2 5.3 5.6 4.7 6.3

main text (which is now a d0 dimensional vector as K = 1) is our decorrelated GEE estimator.
We then conduct simulation to empirically test the decorrelated GEE method, where we consider

the cases corresponding to Tables 1 and 2 in the main text where the true within sample correlation
matrices are equal-correlation and AR-correlation matrices, respectively. The working correlation
R(η) in decorrelated GEE approach is the equal-correlation matrix. We report the empirical Type
I error rates in Tables S14 and S15. It is seen that when the within sample correlation matrix is
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Table S5
Empirical Type I error rate (%) under AR-correlation with correlation parameter being 0.5, where half of the
subjects have m1 = 3 samples, and the other half have m2 = 5 samples. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) s Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

(50,200) 5 5.1 5.4 5.0 4.7 5.2 5.3 5.1 5.4
10 5.3 4.8 5.1 5.4 5.0 5.3 5.2 5.5
20 5.4 5.6 5.2 5.5 5.6 5.9 6.1 4.7

(100,500) 5 5.5 5.1 5.2 4.7 5.3 5.2 5.0 5.4
10 5.7 5.4 5.2 5.1 5.3 5.8 4.9 5.6
20 5.4 5.8 5.7 6.0 6.1 5.5 5.2 5.9

(100,1000) 5 5.4 5.1 5.3 5.6 5.2 5.7 4.7 5.2
10 5.2 5.3 5.6 5.2 5.7 4.6 5.0 5.9
20 5.5 5.8 5.4 6.1 5.5 5.9 6.4 5.7

Table S6
Empirical false discovery rate (%) at level α = 0.1 and 0.2 under equal-correlation structure with correlation
parameter being 0.5 where half of the subjects have 3 samples, and the other half subjects have 5 samples.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

α 0.1 0.2 0.1 0.2 0.1 0.2 0.1 0.2

(n, d) s

(50,200) 5 10.4 20.7 9.8 19.5 9.5 20.3 10.1 20.1
10 9.3 20.1 9.0 20.9 9.8 20.4 10.7 19.3
20 9.0 19.3 9.3 19.1 9.5 20.3 9.4 18.8

(100,500) 5 10.3 19.5 10.9 19.2 10.6 20.4 9.6 21.0
10 9.5 20.4 9.9 20.9 9.2 20.7 10.3 19.4
20 9.2 19.3 8.8 19.5 10.0 20.9 10.7 20.6

(100,1000) 5 10.3 19.5 9.7 20.4 9.7 20.9 10.2 20.3
10 9.9 20.4 9.6 19.4 9.8 19.1 21.1 19.6
20 9.1 20.9 10.9 20.6 10.6 21.3 10.7 20.8

Table S7
Empirical false discovery rate (%) at level α = 0.1 and 0.2 under AR-correlation structure with correlation
parameter being 0.5 where half of the subjects have 3 samples, and the other half subjects have 5 samples.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

α 0.1 0.2 0.1 0.2 0.1 0.2 0.1 0.2

(n, d) s

(50,200) 5 10.2 19.8 9.6 20.5 10.4 20.0 9.3 19.4
10 10.4 19.1 9.6 19.8 9.3 20.5 11.0 20.8
20 9.5 19.5 9.2 19.4 9.5 20.6 9.0 21.2

(100,500) 5 10.6 19.2 9.7 19.5 10.4 20.6 9.5 20.1
10 9.8 20.5 9.4 19.6 9.5 20.1 10.3 20.9
20 8.9 19.3 9.5 20.2 9.3 21.1 10.8 20.7

(100,1000) 5 9.7 20.3 10.0 20.8 9.6 19.4 10.5 19.7
10 10.2 20.5 9.4 20.1 10.5 19.3 10.9 19.7
20 9.2 20.6 10.5 19.5 10.9 18.8 11.0 21.2
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Table S8
Empirical Type I error rate (%) under equal-correlation with correlation parameter being 0.5 under the logistic

model. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) s Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

m = 3

(50,200) 5 5.4 5.7 4.8 4.7 5.3 4.9 5.6 5.4
10 6.0 5.5 5.3 5.7 5.4 4.8 4.1 5.0
20 5.7 5.0 4.5 4.3 6.3 3.9 5.5 5.9

(100,500) 5 5.2 5.9 5.3 4.3 5.0 5.9 4.1 4.0
10 6.1 6.2 5.8 5.7 4.6 4.8 5.5 6.2
20 5.5 5.9 5.2 5.9 6.2 6.0 5.8 6.1

(100,1000) 5 5.0 5.4 6.1 6.2 5.7 6.0 5.4 4.8
10 6.0 5.5 5.2 5.8 5.5 6.1 6.5 5.9
20 6.3 5.9 5.6 6.0 5.3 4.9 6.3 6.1

m = 5

(50,200) 5 5.3 5.5 5.4 5.0 4.8 4.9 5.6 5.7
10 5.7 5.6 5.9 5.5 5.6 6.0 6.1 5.9
20 5.8 5.9 5.5 5.1 6.0 6.2 5.8 6.1

(100,500) 5 5.4 5.2 5.7 6.0 4.8 5.9 5.8 5.6
10 5.8 5.7 6.1 5.8 5.7 6.0 5.9 6.2
20 6.0 5.5 5.7 5.9 5.5 4.9 6.0 6.3

(100,1000) 5 5.4 5.1 5.8 5.1 5.7 5.9 5.5 5.9
10 5.9 6.1 5.5 5.8 6.0 5.7 6.3 6.2
20 5.7 5.9 6.0 5.4 6.2 5.9 6.4 5.7

correctly specified, the performance of the decorrelated GEE is similar to QDIF as shown in Table
S14. However, when the correlation matrix is misspecified, the performance of GEE is much worse
than QDIF, by comparing the type I errors in Table S15 for the decorrelated GEE estimator with
Table 2 in main text for QDIF. This result shows that in practice misspecification of the correlation
structure has a large effect on the performance of the GEE estimators in high dimension. We think
this is mainly due to the instability of the estimated correlation R(η̂). This confirms that the
proposed QDIF approach is preferred.

S.4.7. Different error distribution. We consider the case where the errors follow the T distribu-
tion with 5 degrees of freedom. In particular, we consider the same data generating schemes as in
Tables 1 and 2 in the main text, except that we generate the noises by the T distribution and we
standardize the error’s marginal variance to be 1. We report empirical Type I error rates in Tables
S16 and S17, and the empirical FDR in Tables S18 and S19. It is seen that our method still controls
the empirical Type I error and FDR.
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Table S9
Empirical false discovery rate (%) at level α = 0.1 and 0.2 under equal-correlation structure with correlation

parameter being 0.5 for the logistic model.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

α 0.1 0.2 0.1 0.2 0.1 0.2 0.1 0.2

(n, d) s m = 3

(50,200) 5 9.6 18.7 9.1 19.3 8.8 19.7 9.6 19.5
10 8.5 18.5 8.8 19.3 8.7 19.8 9.5 20.4
20 9.3 18.8 9.0 19.4 8.5 18.7 8.8 19.0

(100,500) 5 9.3 18.5 9.0 18.9 10.3 18.7 9.2 20.2
10 9.1 19.3 8.5 20.3 8.8 18.6 9.7 20.9
20 8.9 18.7 9.0 18.4 8.5 19.3 9.0 18.9

(100,1000) 5 10.5 18.7 9.4 19.8 9.1 19.3 9.9 19.5
10 9.6 18.8 9.3 18.6 9.6 20.4 8.7 19.0
20 9.2 19.3 9.0 20.5 8.9 21.3 8.6 20.8

m = 5

(50,200) 5 9.3 20.4 8.9 19.6 9.7 20.8 10.6 19.3
10 9.6 20.0 9.2 19.7 9.1 18.9 11.2 18.5
20 8.7 18.7 9.2 18.5 8.8 19.3 9.3 19.0

(100,500) 5 9.0 21.5 8.8 20.9 9.1 21.2 9.6 20.3
10 8.9 19.3 9.4 19.3 8.7 20.6 8.5 21.0
20 8.7 19.0 8.6 18.7 9.4 18.5 9.1 19.3

(100,1000) 5 9.2 19.8 10.0 18.9 9.3 19.6 8.6 21.3
10 8.8 19.5 8.9 19.0 8.5 21.0 8.5 18.6
20 8.7 18.7 8.3 18.3 8.7 19.0 8.2 19.1

Table S10
Empirical Type I error rate (%) under equal-correlation with correlation parameter being 0.5 under low-dimensional

settings. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) Method Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

m = 3

(200,5) QIF 5.2 4.9 5.3 4.8 5.2 5.0 4.9 5.2
QDIF 5.1 5.3 4.8 4.7 4.9 5.1 5.0 5.0

(200,8) QIF 5.3 5.1 4.8 5.0 4.9 5.2 4.7 5.3
QDIF 5.3 4.9 4.9 5.4 5.1 5.1 5.2 5.0

(200,10) QIF 4.8 4.9 5.3 4.9 5.0 5.1 5.2 5.2
QDIF 5.1 4.8 4.7 4.6 5.3 5.2 5.4 4.9

m = 5

(200,5) QIF 5.0 5.1 4.9 5.2 4.8 4.9 5.3 5.1
QDIF 5.1 5.3 4.8 4.9 5.0 5.3 5.2 4.9

(200,8) QIF 4.7 5.1 5.2 4.9 4.8 5.2 5.2 4.7
QDIF 5.0 5.2 4.8 4.9 5.3 4.8 5.3 5.1

(200,10) QIF 4.9 4.9 5.3 4.8 5.2 4.7 5.0 5.3
QDIF 4.7 4.9 5.2 5.1 4.8 4.8 4.9 5.0
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Table S11
Empirical Type I error rate (%) under AR-correlation with correlation parameter being 0.5 under low-dimensional

settings. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) Method Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

m = 3

(200,5) QIF 4.9 5.2 5.0 5.0 4.8 5.3 5.1 5.1
QDIF 5.0 5.1 5.3 5.3 5.1 4.8 4.9 4.7

(200,8) QIF 4.8 5.3 5.1 4.7 4.8 5.4 5.0 4.9
DQIF 4.7 4.6 5.0 5.1 4.9 4.8 5.1 5.3

(200,10) QIF 5.3 5.1 5.4 4.8 4.8 5.2 4.9 5.0
DQIF 5.0 4.9 5.3 4.9 5.1 5.3 5.0 5.3

m = 5

(200,5) QIF 4.7 4.9 4.8 5.3 5.3 4.9 5.1 4.9
DQIF 5.1 4.8 4.7 5.2 5.1 4.9 5.0 4.8

(200,8) QIF 4.8 5.2 5.1 4.7 4.9 5.3 5.0 5.1
DQIF 5.1 5.2 4.7 5.1 5.0 4.9 4.8 5.2

(200,10) QIF 5.3 5.0 5.2 4.9 4.7 5.1 4.7 5.2
DQIF 4.9 4.8 5.1 4.9 5.2 5.3 4.8 5.1

Table S12
Empirical Type I error rate (%) under equal-correlation with correlation parameter being 0.5 under modestly

high-dimensional settings, where we set the sparsity level s = 10. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) Method Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

m = 3

(200,100) QIF 15.4 25.5 18.7 29.4 17.1 30.5 19.3 27.8
DQIF 5.0 5.4 4.9 5.1 5.2 4.8 4.9 5.2

(200,150) QIF 18.2 28.0 20.5 29.7 19.3 27.3 18.4 28.6
DQIF 4.7 4.8 5.3 5.1 5.0 4.8 4.9 5.3

(200,200) QIF 20.3 31.4 22.9 33.1 21.7 34.8 23.9 33.5
DQIF 5.3 5.5 4.7 4.5 5.3 5.0 4.9 5.4

m = 5

(200,100) QIF 13.8 20.4 15.1 21.7 16.3 22.3 18.0 21.8
DQIF 4.8 4.9 5.2 4.7 5.3 5.1 4.7 5.2

(200,150) QIF 14.2 21.8 14.9 23.0 16.0 24.5 15.6 23.4
QDIF 5.4 5.1 5.2 4.7 5.2 4.6 4.8 5.3

(200,200) QIF 15.0 23.1 16.1 23.8 16.5 24.1 17.2 24.9
QDIF 5.3 5.4 4.7 5.2 4.6 4.9 5.2 5.5
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Table S13
Empirical Type I error rate (%) under AR-correlation with correlation parameter being 0.5 under modestly

high-dimensional settings, where we set the sparsity level s = 10. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) Method Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

m = 3

(200,100) QIF 14.5 23.4 15.1 24.9 14.8 26.4 16.2 25.9
QDIF 5.3 5.1 4.7 5.2 4.8 5.3 4.7 5.4

(200,150) QIF 15.0 24.2 16.3 25.8 15.8 26.2 16.7 26.5
QDIF 4.8 4.9 5.3 5.0 4.7 4.6 4.9 5.4

(200,200) QIF 16.8 24.8 17.3 25.7 18.4 26.5 18.0 25.9
QDIF 5.2 5.1 4.8 4.6 5.4 5.2 5.1 4.7

m = 5

(200,100) QIF 12.7 20.2 13.9 19.7 13.5 20.9 15.3 21.5
QDIF 5.0 5.3 5.1 4.7 4.8 5.3 4.8 5.3

(200,150) QIF 13.3 23.9 13.8 25.1 14.1 24.8 15.0 25.6
QDIF 4.8 5.3 4.9 4.8 4.9 5.4 5.2 5.3

(200,200) QIF 13.5 24.1 14.2 24.4 14.5 25.1 15.3 26.3
QDIF 4.9 5.3 5.2 4.6 4.8 5.0 5.1 4.7

Table S14
Empirical Type I error rate (%) under equal-correlation with correlation parameter being 0.5 using the decorrelated

GEE method. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) s Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

m = 3

(50,200) 5 5.4 5.7 5.4 5.5 5.6 5.0 4.8 5.3
10 5.5 5.8 5.4 5.6 4.9 5.3 5.6 5.3
20 5.8 6.0 5.7 5.3 5.9 6.1 5.0 5.9

(100,500) 5 5.5 5.8 4.9 5.5 5.9 5.6 5.5 5.3
10 5.5 5.1 5.0 5.7 5.8 5.1 4.2 5.7
20 5.6 5.9 5.6 5.4 4.3 5.7 5.5 5.8

(100,1000) 5 5.5 5.7 5.2 4.5 5.5 5.9 6.1 5.6
10 5.2 5.7 5.1 5.6 5.5 4.3 5.2 5.6
20 5.8 6.0 5.7 5.2 5.1 5.7 5.1 4.5

m = 5

(50,200) 5 4.5 5.5 5.4 5.1 5.3 5.5 5.2 5.0
10 5.1 5.5 5.2 5.3 5.4 5.2 5.0 4.7
20 5.5 5.2 5.4 5.0 4.5 5.2 4.9 5.4

(100,500) 5 4.8 5.0 5.2 5.5 5.3 5.5 5.3 5.4
10 5.3 5.1 5.3 5.6 5.7 5.2 5.3 5.5
20 5.4 5.5 5.1 4.6 5.5 6.0 5.6 6.2

(100,1000) 5 5.3 5.1 5.6 4.8 4.7 5.9 5.8 5.3
10 5.5 5.8 5.7 5.2 5.9 4.5 5.1 4.6
20 6.1 5.2 5.7 5.3 6.2 5.3 5.8 5.4
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Table S15
Empirical Type I error rate (%) under AR-correlation structure with correlation parameter being 0.6 using the

decorrelated GEE. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) s Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

m = 3

(50,200) 5 6.9 7.3 8.1 7.5 7.4 7.7 8.1 7.4
10 8.5 9.2 8.7 8.3 8.8 8.5 8.9 7.8
20 8.9 8.7 8.5 9.3 9.0 8.8 8.7 9.2

(100,500) 5 7.4 8.1 7.8 7.9 8.3 8.0 8.2 8.9
10 9.1 9.0 9.5 8.7 8.9 9.5 9.3 9.7
20 9.4 9.1 9.6 9.3 9.0 9.7 10.1 9.5

(100,1000) 5 8.2 7.7 8.0 8.4 8.6 8.7 8.2 8.8
10 9.4 9.7 8.9 9.1 9.2 9.5 9.9 9.3
20 9.9 9.8 10.3 9.9 10.2 10.1 9.7 10.4

m = 5

(50,200) 5 7.0 7.4 7.1 6.9 7.3 7.2 7.4 7.0
10 8.9 9.2 8.7 9.3 8.8 9.0 9.5 9.2
20 9.5 10.2 9.8 9.5 9.7 10.0 9.4 9.3

(100,500) 5 7.5 7.9 7.8 8.2 7.1 7.6 8.5 8.0
10 9.1 9.3 9.4 9.0 9.7 10.2 10.5 9.8
20 10.5 10.7 9.9 10.4 11.2 10.3 10.9 10.5

(100,1000) 5 8.3 7.9 8.5 8.3 8.0 7.9 8.2 8.0
10 10.6 10.1 10.5 10.3 10.4 10.3 9.9 10.2
20 10.9 11.2 10.4 11.4 10.7 11.6 10.8 10.7
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Table S16
Empirical Type I error rate (%) under equal-correlation with correlation parameter being 0.5 and the noises are

generated from T distribution with 5 degrees of freedom. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) s Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

m = 3

(50,200) 5 5.7 5.4 5.9 5.2 5.0 5.5 4.9 5.8
10 5.8 5.3 5.9 5.5 5.0 5.9 6.1 5.4
20 5.5 6.3 6.1 6.2 5.7 5.3 6.5 5.8

(100,500) 5 6.0 6.2 5.3 5.9 5.4 6.1 4.6 5.9
10 5.3 6.3 5.7 5.4 6.0 6.2 5.9 6.3
20 6.2 6.4 5.4 6.0 5.8 5.5 6.1 6.0

(100,1000) 5 5.2 5.6 6.1 5.0 5.7 6.3 6.0 5.8
10 5.8 5.5 5.6 5.4 6.2 6.1 4.9 6.2
20 6.0 6.1 6.3 5.5 6.7 6.1 5.8 6.5

m = 5

(50,200) 5 5.2 5.9 5.4 5.0 5.2 4.8 5.5 5.7
10 5.7 5.5 5.0 5.5 4.6 6.0 5.9 5.3
20 5.8 5.5 5.4 5.8 6.2 5.9 5.7 6.2

(100,500) 5 5.3 5.2 5.7 5.4 5.7 5.7 5.3 4.7
10 5.7 5.3 5.1 5.4 5.6 6.2 5.8 6.0
20 5.6 5.4 6.0 5.8 6.1 6.4 5.9 6.3

(100,1000) 5 5.5 5.9 5.8 5.3 5.4 6.0 5.2 5.3
10 5.9 5.2 5.5 6.1 5.3 5.7 6.2 5.8
20 5.9 5.6 5.8 5.5 6.0 6.1 5.9 6.3

33



Table S17
Empirical Type I error rate (%) under AR-correlation structure with correlation parameter being 0.6 and the noises

are generated from T distribution with 5 degrees of freedom. The nominal level is set to be 5%.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

(n, d) s Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2] Dirac U[0, 2]

m = 3

(50,200) 5 4.8 5.4 5.3 4.9 5.7 4.9 5.2 5.5
10 5.3 5.2 4.9 5.5 5.7 5.4 5.6 4.5
20 5.5 5.5 6.0 5.4 5.6 5.3 5.2 5.9

(100,500) 5 5.2 5.8 5.6 5.9 5.4 5.7 5.4 5.0
10 5.7 5.3 5.4 5.9 6.2 6.1 5.8 6.3
20 5.9 6.1 5.9 5.5 6.3 6.5 6.2 6.5

(100,1000) 5 5.3 5.6 5.4 5.1 5.3 5.5 6.1 5.8
10 5.8 5.7 5.3 6.2 6.0 5.9 5.5 6.4
20 5.4 6.2 5.9 6.1 5.8 5.8 6.3 6.6

m = 5

(50,200) 5 5.0 5.3 5.2 4.8 5.5 5.7 5.2 5.4
10 5.8 5.4 5.7 6.1 5.9 5.6 5.8 4.9
20 5.5 6.2 5.2 5.7 5.8 5.5 6.0 5.9

(100,500) 5 5.3 5.8 5.6 4.9 5.0 5.5 5.3 5.4
10 5.2 5.5 5.4 5.8 5.3 6.0 6.1 5.9
20 6.3 5.6 5.8 6.2 5.9 6.5 6.4 6.9

(100,1000) 5 5.8 5.9 5.4 5.6 6.0 5.3 5.4 5.9
10 5.4 5.3 5.9 4.8 5.5 5.0 5.8 6.0
20 5.8 5.5 6.0 5.4 6.0 5.8 6.2 6.5
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Table S18
Empirical false discovery rate (%) at level α = 0.1 and 0.2 under equal-correlation structure with correlation

parameter being 0.5 and the noises are generated from T distribution with 5 degrees of freedom.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

α 0.1 0.2 0.1 0.2 0.1 0.2 0.1 0.2

(n, d) s m = 3

(50,200) 5 9.8 19.3 8.9 20.4 9.5 19.5 10.3 19.3
10 9.4 19.2 9.3 20.6 9.7 20.7 9.1 19.3
20 9.0 18.7 9.2 19.0 8.8 20.4 8.6 21.0

(100,500) 5 9.5 19.4 9.2 21.1 10.7 19.2 9.3 19.7
10 9.8 20.9 9.1 20.2 9.0 19.3 10.5 20.6
20 8.7 19.0 10.9 21.2 8.9 20.3 9.3 18.6

(100,1000) 5 10.3 20.4 10.6 19.5 9.3 18.9 9.4 20.3
10 9.4 19.3 10.6 19.1 9.9 21.4 9.5 19.5
20 9.0 20.8 8.7 21.3 11.0 20.9 9.1 18.5

m = 5

(50,200) 5 9.6 21.3 9.1 19.9 9.0 20.5 10.4 20.5
10 9.3 21.1 10.6 20.3 9.0 19.3 10.3 19.8
20 9.7 19.5 11.1 20.5 10.7 18.7 10.8 20.9

(100,500) 5 9.3 20.9 9.4 21.4 10.0 20.5 9.7 19.3
10 8.9 20.5 9.5 19.4 9.8 20.3 9.8 19.7
20 9.4 20.2 9.3 19.4 9.0 21.3 8.7 21.0

(100,1000) 5 9.5 19.3 10.4 19.7 9.8 20.3 9.1 20.8
10 9.1 20.0 9.3 20.5 8.9 19.4 8.9 21.2
20 9.4 18.9 9.7 19.5 9.2 21.3 9.1 20.8

35



Table S19
Empirical false discovery rate (%) at level α = 0.1 and 0.2 under AR-correlation structure with correlation

parameter being 0.6 and the noises are generated from T distribution with 5 degrees of freedom.

ρ = 0.25 ρ = 0.4 ρ = 0.6 ρ = 0.75

α 0.1 0.2 0.1 0.2 0.1 0.2 0.1 0.2

(n, d) s m = 3

(50,200) 5 10.3 20.5 9.9 19.5 10.8 20.9 10.7 20.4
10 9.5 19.4 9.2 19.6 9.4 19.2 10.7 20.1
20 9.2 19.6 9.6 20.7 10.6 20.2 9.1 21.3

(100,500) 5 9.7 19.2 10.5 20.4 10.3 19.3 10.6 20.6
10 9.4 18.9 10.7 20.8 9.6 20.4 10.7 19.7
20 10.3 20.9 9.6 20.4 10.3 21.1 9.8 19.0

(100,1000) 5 9.8 19.5 9.7 20.4 10.6 19.8 10.5 19.4
10 10.7 20.5 9.7 19.3 10.7 20.8 9.3 20.4
20 10.1 19.4 9.4 21.0 9.1 19.5 10.9 21.3

m = 5

(50,200) 5 10.5 20.8 10.6 19.4 10.2 19.6 9.3 20.0
10 10.2 20.5 9.4 19.7 10.8 20.4 9.2 20.8
20 10.4 20.8 9.2 20.5 9.0 19.2 9.1 21.1

(100,500) 5 9.1 20.4 9.6 19.5 10.7 19.3 10.3 20.7
10 10.3 20.1 9.6 20.4 9.5 19.7 9.0 20.4
20 9.6 19.6 9.0 20.7 10.9 20.9 11.0 20.6

(100,1000) 5 10.3 20.5 10.2 20.2 9.4 19.6 9.6 19.3
10 9.3 20.8 9.5 20.3 10.4 19.5 9.2 21.0
20 9.9 20.2 10.4 20.9 8.8 18.7 10.9 21.3
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